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Abstract
The moduli space of the maximally supersymmetric heterotic string in d-dimen-
sional Minkowski space contains various components characterized by the rank of
the gauge symmetries of the vacua they parametrize. We develop an approach for
describing in a unified way continuous Wilson lines which parametrize a compo-
nent of the moduli space, together with discrete deformations responsible for the
switch from one component to the other. Applied to a component that contains
vacua with SO(2n + 1) gauge-symmetry factors, our approach yields a descrip-
tion of all backgrounds of the component in terms of free-orbifold models. The
orbifold generators turn out to act symmetrically or asymmetrically on the inter-
nal space, with or without discrete torsion. Our derivations use extensively affine
characters of SO(2n+1). As a by-product, we find a peculiar orbifold description
of the heterotic string in ten dimensions, where all gauge degrees of freedom arise
as twisted states, while the untwisted sector reduces to the gravitational degrees
of freedom.ar
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1 Introduction
Since the seminal works of Ref. [1,2], the use of affine characters of simply-laced Lie groups
has become very common. For instance, in ten dimensions, the characters of SO(8) are
used in the construction of the type I, type II and heterotic strings, while those of SO(32)
and E8 are employed in the description of the gauge degrees of freedom of the Spin(32)/Z2
and E8 × E8 heterotic strings. On the contrary, the use of characters of non simply-laced
Lie groups, such as those of SO(2n + 1) introduced in Ref. [3], are far more sparse in the
string-theory literature. The main goals of the present work are then to
(i) present interesting practical applications of SO(2n+ 1) characters, such as describing
models with gauge groups of reduced ranks,
(ii) stress subtleties in the use of the SO(2n+ 1) spinorial characters,
(iii) and develop a systematic way of constructing consistent models based on SO(2n+1)
affine algebras, together with their marginal deformations.
All our results are derived in the framework of the Spin(32)/Z2 or E8 × E8 heterotic string
theories compactified toroidally.
One feature of models describing SO(2n+ 1) gauge group factors is that the rank of the
full gauge symmetry cannot be maximal. The underlying reason of this fact is that if one
breaks SO(2n) into a subgroup SO(2k1 +1)×SO(2k2−1) where k1 +k2 = n, then the initial
rank n is reduced to n − 1. Of course, such a breaking cannot be realized spontaneously
by switching on moduli in the Coulomb branch. On the contrary, it must be produced by
applying some discrete deformation that maps the initial setup into a model belonging to a
distinct component of the moduli space of the heterotic string [4]. We will first elaborate
further on the possibility introduced in Ref. [5, 6] to implement such deformations via free
orbifold actions.
Alternatively, we develop another approach which unifies the implementations of con-
tinuous Wilson lines and discrete deformations responsible for the reduction of the rank.
This point of view is in the spirit of the technical similarity between the implementation of
Wilson-lines and the breaking of supersymmetry à la Scherk–Schwarz in string theory [7–12].
Indeed, such a super-Higgs mechanism amounts to introducing a discrete deformation of the
1
parent supersymmetric model.1
The first example of model involving SO(2n + 1) gauge group factors we consider is an
extreme case, in the sense that all of the SO(32) gauge symmetry is broken to a trivial
SO(1)32, where “SO(1)” is the group containing only the neutral element. To construct it,
we proceed in two steps. Our starting point in Sect. 2 is the Spin(32)/Z2 theory in ten
dimensions, on which we implement a Z52 orbifold action on the Spin(32)/Z2 root lattice
whose effect is to project out all gauge bosons from the untwisted sector. However, because
there are only two supersymmetric heterotic string theories in ten dimensions [13,14], all 496
gauge bosons must be recovered in the twisted sectors. As a result, we obtain a very peculiar
description of the heterotic string where, at the massless level, the untwisted sector contains
only the gravitational multiplet, while all gauge vector multiplets are made of twisted states.
In a second step, we compactify in Sect. 3 the above Z52-orbifold setup on a torus T 5, while
imposing each generator to also act as a half-period translation along a compact direction.
As a result, the orbifold group becomes freely acting, ensuring all twisted sectors to become
massive. Hence, in the model in five dimensions, the initial SO(32) gauge symmetry is
reduced by the Z52 free-orbifold action to nothing [5, 6], or rather SO(1)32, as demonstrated
by manipulating affine characters. The rank of the gauge-symmetry group is thus reduced
by 16 units.
We also show in Sect. 3 that imposing only four of the five generators to be free, one of
the twisted sectors contains at the massless level 16 Abelian vector multiplets, thus restoring
maximal rank. We prove this in various ways, one of which allowing us to stress subtleties
concerning the use of the spinorial character of SO(2n+ 1) in one-loop partition functions.
The point is that SO(2n) has two spinorial conjugacy classes of opposite chiralities [1, 15],
while SO(2n+1) has only one, which is non-chiral [3]. Hence, when decomposing a spinorial
character of SO(2n) into spinorial characters of SO(2k1 + 1) and SO(2k2 − 1) where k1 +
k2 = n, one is led to omit contributions involving vanishing Jacobi modular forms ϑ
[
1/2
1/2
]
which capture information on the chirality of the initial SO(2n) characters. However, such
vanishing contributions in partition functions showing up in untwisted (twisted) sectors
are related by the action of orbifold-group elements to non trivial contributions in twisted
1Higgsing in the Coulomb branch and super-Higgs mechanism are both based on underlying worldsheet
symmetries. However, that involved in the super-Higgs case must preserve the worldsheet supercurrent,
which imposes a quantization of the deformation parameter.
2
(untwisted) sectors. As a result, when implementing orbifold actions on partition functions,
it is sometimes mandatory to keep track of vanishing contributions ϑ
[
1/2
1/2
]
, even though
they have no meaning from the point of view of representation theory of SO(2k1 + 1) and
SO(2k2 − 1).
In Sect. 4, we consider the most general lattice involved in toroidal compactification of
the Spin(32)/Z2 heterotic string in presence of arbitrary Wilson-line background [11, 12].
We show how this expression can be extended to include discrete deformations that yield
a reduction of the rank of the gauge-symmetry group. The backgrounds obtained this way
are equivalent to those derived from the free-orbifold point of view, including those acting
left/right asymmetrically [16] on the coordinates of the internal torus. Moreover, they take
into account different choices of discrete torsion [17, 18] and keep track of the remaining
marginal deformations.
Our conclusions can be found in Sect. 5. The conventions for the SO(2n) and SO(2n+1)
affine characters we use are given in an Appendix, which also lists identities among characters
useful for the construction of Z2-orbifold models.
2 Heterotic orbifolds in ten dimensions
In order to construct N = 1 supersymmetric heterotic-string theories in ten dimensions, one
must use one of the two even self-dual 16-dimensional Euclidean lattices, which are the root
lattices of Spin(32)/Z2 and E8 × E8 [13, 14]. Moreover, any orbifold action implemented
on a string model in a modular-invariant way yields a consistent theory [19, 20]. From the
above statements, it follows that any supersymmetry-preserving orbifold action on one of
the supersymmetric ten-dimensional heterotic strings must either be trivial, or transform it
into the other. In the following, we first review this fact in the simplest cases of Z2 groups.
We then consider orbifold actions that are products of such Z2’s and show that in some cases
gauge and gravitational degrees of freedom may be split in the following sense: All vector
multiplets sit in twisted sectors, while the supergravity multiplet arises in the untwisted
sector.
In our conventions, the bosonic side of the heterotic string is holomorphic (right-moving)
while the supersymmetric side is antiholomorphic (left-moving). On the holomorphic side,
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there are 16 extra bosonic coordinates which are compact or, in fermionic language, an
equivalent system of 32 real fermions ψi, i ∈ {1, . . . , 32}. On the genus-one surface of
Theichmüller parameter τ , such a fermion has anti-periodic or periodic boundary conditions
upon parallel transport along the cycles,
ψi(z + 1) = −e2ipiγψi(z) , ψi(z + τ) = −e2ipiδψi(z) , (2.1)
where γ = 0 (Neveu–Schwarz) or γ = 1
2
(Ramond), and likewise δ ∈ {0, 1
2
}. In ten dimen-
sions, an orbifold action preserving N = 1 supersymmetry can only act upon the ψi’s. In
the present work, we will only consider Z2 groups that flip ψi → −ψi, where i belongs to
a subset of the 32 fermions. Indeed, such transformations are symmetries of the worldsheet
action of the free fields ψi and may be used as a basis for constructing orbifold theories. For
a fermion sensitive to the Z2 action, the rules for parallel transport are affected in a way
encoded by shifts γ → γ + h and δ → δ + g, where h, g ∈ {0, 1
2
}. Hence, its contribution to
the one-loop partition function can be expressed in terms of a Jacobi modular form ϑ with
shifted characteristics, along with a Dedekind function η,√
ϑ
[
γ + h
δ + g
]
(0|τ)
η(τ)
. (2.2)
In orbifold language, h = 0 and h = 1
2
correspond respectively to the untwisted and twisted
sectors, while summing over g implements the projection onto the Z2-invariant spectrum.
2.1 From Spin(32)/Z2 to E8 × E8
Let us first review the fact that a Z2-orbifold group acting on 16 of the 32 fermions ψi
transforms the Spin(32)/Z2 lattice into the E8 × E8 lattice [20].2
Our starting point is the partition function of the 32 fermions of the Spin(32)/Z2 heterotic-
string theory,
ΓSpin(32)/Z2
η16
=
1
2
∑
γ,δ
(
ϑ
[
γ
δ
]
η
)16
= O32 + S32 , (2.3)
where O2n, S2n (along with V2n, C2n) are the affine characters associated with the four conju-
gacy classes of SO(2n). Their explicit expressions can be found in Eq. (A.1). Let us define
2This can be related to the fact that the Spin(32)/Z2 and E8×E8 theories compactified on a circle share
the same moduli space parametrized by the radius of the circle and the Wilson-line background [21].
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G1 to be the Z2-orbifold generator that flips 16 of the 32 fermions ψi. Up to a reordering,
we may choose the signs of its eigenvalues ±1 to be respectively
G1 : + + + + + + + + + + + + + + + +−−−−−−−−−−−−−−−− . (2.4)
Our goal is to derive the counterpart of the Spin(32)/Z2 lattice in the orbifold theory. The
lattice we are looking for and denote as ΓSpin(32)/Z2G1 may be decomposed into untwisted and
twisted contributions, on which projections onto Z2-invariant weight vectors are applied.
This yields four contributions labelled by h1, g1 ∈ {0, 12},
Γ
Spin(32)/Z2
G1
≡ 1
2
∑
h1,g1
ΓSpin(32)/Z2
[
h1
g1
]
. (2.5)
To derive them, we use the fact that SO(32) ⊃ SO(16) × SO(16), which implies that the
SO(32) characters appearing in Eq. (2.3) may be decomposed in terms of SO(16) characters.
Indeed, this can be done explicitly using the identities (A.11),3 which yield
O32 = O16O16 + V16V16 , S32 = S16S16 + C16C16 . (2.6)
In the untwisted sector, the partition functions of the 16 fermions flipped by G1 have
shifted characteristics
[
γ
δ + g1
]
. Therefore, we see from their definitions that all O16 and S16
characters are invariant under the action of G1, while the characters V16 and C16 that are
in second positions in the monomials appearing in Eq. (2.6) acquire signs (−1)2g1 . In fact,
for arbitrary SO-group characters, one may apply the general formulas (A.13) obtained by
flipping the boundary conditions along the worldsheet cycle [0, τ ]. Hence, we obtain
ΓSpin(32)/Z2
[
0
g1
]
η16
= O16O16 + V16(−1)2g1V16 + S16S16 + C16(−1)2g1C16 . (2.7)
In the twisted sector, the partition functions of the flipped fermions have characteristics[
γ + 1/2
δ + g1
]
. Hence, all SO(16) characters in second positions in the monomials appearing in
Eq. (2.6) are permuted according to O16 ↔ S16 and V16 ↔ C16. In general, the twisted
characters for arbitrary SO groups can be derived from untwisted ones by applying the rules
listed in Eq. (A.14). As a result, we have
ΓSpin(32)/Z2
[
1/2
g1
]
η16
= O16S16 + V16(−1)2g1C16 + S16O16 + C16(−1)2g1V16 . (2.8)
3Throughout our work, it is understood that in a monomial that is composed of a product of characters,
the latter should not be commuted in order to keep track of which fermions ψi they are referring to.
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Summing over all contributions as shown in Eq. (2.5), we obtain
Γ
Spin(32)/Z2
G1
η16
= (O16 + S16)
2 ≡ Γ
E8×E8
η16
, (2.9)
where the last equality, which involves the root lattice of E8×E8, holds thanks to the identity
satisfied by the root lattice of E8,
ΓE8
η8
=
1
2
∑
γ,δ
(
ϑ
[
γ
δ
]
η
)8
= O16 + S16 . (2.10)
Therefore, acting on the Spin(32)/Z2 heterotic string with the orbifold group generated by
G1 leads to the E8 × E8 theory.
2.2 From E8 × E8 to Spin(32)/Z2
Next, we review the fact that a similar statement exists, where the roles of the two N = 1
heterotic theories in ten dimensions is reversed: In the E8×E8 heterotic string, a Z2-orbifold
group acting on 8 of the 16 fermions ψi that generate the first E8 lattice, and also acting on
8 of the remaining fermions ψi transforms the E8×E8 lattice into the Spin(32)/Z2 one [20].
To begin with, we consider the partition function of the 16 + 16 fermions ψi, with appro-
priate boundary conditions to generate the E8 ×E8 affine Lie algebra, Eq. (2.9) and (2.10).
Let G2 be a Z2-orbifold generator that satisfies the assumptions stated above. Up to a
reordering, its eigenvalues ±1 have signs
G2 : + + + + + + + +−−−−−−−−+ + + + + + + +−−−−−−−− . (2.11)
Our aim is to derive the lattice appearing in the E8 ×E8 theory orbifolded by Z2 generated
by G2. As before, we may split this lattice into four pieces,
ΓE8×E8G2 ≡
1
2
∑
h2,g2
ΓE8×E8
[
h2
g2
]
, (2.12)
where h2, g2 ∈ {0, 12}. In order to find how G2 transforms the SO(16) characters in Eq. (2.9),
it is useful to express them in terms of characters of SO(8) using Eq. (A.11).
In the untwisted sector, the effect of G2 is to multiply by −1 all characters V8 and C8
associated with the fermions sensitive to the orbifold, which yields
ΓE8×E8
[
0
g2
]
η16
=
(
O8O8 + V8(−1)2g2V8 + S8S8 + C8(−1)2g2C8
)2
. (2.13)
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Upon summing over g2, the untwisted-sector contribution is therefore
1
2
∑
g2
ΓE8×E8
[
0
g2
]
η16
= O48 + V
4
8 + S
4
8 + C
4
8 +O
2
8S
2
8 + S
2
8O
2
8 + V
2
8 C
2
8 + C
2
8V
2
8
= (O28 + S
2
8)
2 + (V 28 + C
2
8)
2 = O′16O
′
16 + S
′
16S
′
16 ,
(2.14)
where the last equality holds thanks to the triality symmetry among the SO(8) characters.
The latter amounts to exchanging V8 ↔ S8 (in arbitrary positions in the monomials).4 In
Eq. (2.14), we use “primed” characters in the final expression to keep track of this manipu-
lation.
In the twisted sector, all SO(8) characters associated with fermions whose boundary
conditions are sensitive to the action of G2 are permuted according to O8 ↔ S8 and V8 ↔ C8,
as follows from Eq. (A.14). Hence, we obtain
ΓE8×E8
[
1/2
g2
]
η16
=
(
O8S8 + V8(−1)2g2C8 + S8O8 + C8(−1)2g2V8
)2
, (2.15)
which leads to the twisted-sector contribution
1
2
∑
g2
ΓE8×E8
[
1/2
g2
]
η16
= (O8S8)
2 + (V8C8)
2 + (S8O8)
2 + (C8V8)
2
+O8S8S8O8 + V8C8C8V8 + S8O8O8S8 + C8V8V8C8
= (O8S8 + S8O8)
2 + (V8C8 + C8V8)
2 = V ′16V
′
16 + C
′
16C
′
16 .
(2.16)
Again, the last equality is found by applying the SO(8)-triality symmetry already used in
the derivation of Eq. (2.14), V8 ↔ S8.4
Adding together the contributions of both sectors, we obtain
ΓE8×E8G2
η16
= O32 + S32 =
ΓSpin(32)/Z2
η16
, (2.17)
which means that the E8 × E8 heterotic string orbifolded by Z2 generated by G2 is nothing
but the Spin(32)/Z2 theory.
2.3 Twisted/untwisted descriptions of the spectrum
As illustrated by the Z2 actions considered in the previous subsections, orbifolding the het-
erotic string theories in 10 dimensions while preserving N = 1 supersymmetry yields only
4 Alternatively, one can permute S8 → V8 → C8 → S8.
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alternative descriptions. In particular, it is a matter of convention to describe (at least part
of) the gauge degrees of freedom in twisted or untwisted sectors. For instance, modding out
the Spin(32)/Z2 string theory by Z2 × Z2 generated by G1 and G2 leads to a framework
where the gauge degrees of freedom are realized in one untwisted and three twisted sectors.
In the following we show that an extreme case exists for a Z52-orbifold action where, at the
massless level, the untwisted sector contains only the N = 1 gravitational multiplet, while all
496 non-Abelian N = 1 vector multiplets are realized in the 25− 1 = 31 twisted sectors. To
reach this conclusion, we are going to see that no gauge degree of freedom in the untwisted
sector survives the projection onto the states invariant under the generators of the Z52 group.
Let us consider the Spin(32)/Z2 theory and define besides G1 and G2 three more Z2
generators acting on 16 of the 32 fermions ψi. Altogether, the signs of the eigenvalues of the
generators are given by
G1 : + + + + + + + + + + + + + + + +−−−−−−−−−−−−−−−− ,
G2 : + + + + + + + +−−−−−−−−+ + + + + + + +−−−−−−−− ,
G3 : + + + +−−−−+ + + +−−−−+ + + +−−−−+ + + +−−−− ,
G4 : + +−−+ +−−+ +−−+ +−−+ +−−+ +−−+ +−−+ +−− ,
G5 : +−+−+−+−+−+−+−+−+−+−+−+−+−+−+−+− .
(2.18)
We know that the Z52-orbifold model is either the E8×E8 or Spin(32)/Z2 theory.5 Splitting
the partition function of the 32 fermions ψi into 322 pieces, we write
Γ
Spin(32)/Z2
G1,...,G5
≡ 1
25
∑
h1,...,h5
g1,...,g5
ΓSpin(32)/Z2
[
h1, . . . , h5
g1, . . . , g5
]
. (2.19)
Our aim is to show that the untwisted contribution
1
25
∑
g1,...,g5
ΓSpin(32)/Z2
[
0 , . . . , 0
g1, . . . , g5
]
(2.20)
does not yield any massless state in the full theory. The key point is that there is no pair of
fermions with identical boundary conditions for all g1, . . . , g5.
5From the analyses of Sect. 2.1 and 2.2, one may think that the actions of N generators of this type
yields the E8 × E8 theory when N is odd and the Spin(32)/Z2 theory when N is even. However, this is
not an obvious fact. One can always write down the low lying states of a ZN2 -orbifold theory to derive their
associated Dynkin diagram and figure out whether they realize the SO(32) or E8 × E8 gauge group.
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Projection of the untwisted sector: We already know from Eq. (2.7) that the weight
lattice of Spin(32)/Z2 projected on G1-invariant states satisfies
1
2
∑
g1
ΓSpin(32)/Z2
[
0
g1
]
η16
= O216 + massive . (2.21)
In this equation, the monomial S216 is implicit in the “massive” contribution, as it does not lead
to any massless mode (see the q-expansion of S16 given in Eq. (A.1), where q = e2ipiτ ). In order
to implement the projection onto G2-invariant states, we use the identity O216 = (O28 + V 28 )2
and obtain immediately
1
22
∑
g1,g2
ΓSpin(32)/Z2
[
0, 0
g1, g2
]
η16
=
1
2
∑
g2
(
O28 + V8(−1)2g2V8
)2
+ massive
= O48 + massive ,
(2.22)
where we have included the monomial V 48 in the “massive” contributions (see Eq. (A.1)).
Proceeding the same way with the generator G3, we write O48 = (O24 + V 24 )4, which yields
1
23
∑
g1,g2,g3
ΓSpin(32)/Z2
[
0, 0, 0
g1, g2, g3
]
η16
=
1
2
∑
g3
(
O24 + V4(−1)2g3V4
)4
+ massive
= O84 + massive ,
(2.23)
while for G4 we use O84 = (O22 + V 22 )8 and obtain
1
24
∑
g1,...,g4
ΓSpin(32)/Z2
[
0, . . . , 0
g1, . . . , g4
]
η16
=
1
2
∑
g4
(
O22 + V2(−1)2g4V2
)8
+ massive
= O162 + massive .
(2.24)
Notice that the decompositions of On and Vn in Eq. (A.11), the transformation rules of these
characters in Eq. (A.13), and the q-expansion of Vn in Eq. (A.1) hold whatever the parities
of n and p in these formulas. Hence, we may implement the last projection onto G5-invariant
states by writing O162 = (O21 + V 21 )16, which leads to the final result
1
25
∑
g1,...,g5
ΓSpin(32)/Z2
[
0, . . . , 0
g1, . . . , g5
]
η16
=
1
2
∑
g5
(
O21 + V1(−1)2g5V1
)16
+ massive
= O321 + massive .
(2.25)
From the q-expansion of the character O1, we see that O321 yields a non-physical (i.e.
non-level-matched) tachyonic mode and, more important for us, no state at the massless
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level. Hence, the untwisted sector contributes an SO(1)32 subgroup of the full gauge sym-
metry, where SO(1) is the trivial zero-dimensional group, i.e. containing only the neutral
element. This shows that all gauge degrees of freedom (including the Cartan subgroup)
of the Z52-orbifold description of the heterotic string arise from the remaining 31 sectors,
which are twisted. Hence, the untwisted sector contains only the gravitational sector. At
the massless level, the counting of states goes as follows: In the untwisted sector, there are
8× 8 boson/fermions pairs of degrees of freedom corresponding to the dilaton, graviton and
antisymmetric tensor along with their superpartners. In the 31 twisted sectors, there are
8 × 496 pairs of degrees of freedom associated with non-Abelian vector bosons and their
fermionic partners.
Projection of the untwisted Fock space: It is instructive to recover these conclusions
by implementing explicitly a projection onto the Z52-invariant states of the untwisted sector
of the Fock space. The gauge bosons of the Spin(32)/Z2 theory transform in the adjoint
representation of SO(32). They are realized by acting with the low-lying creation operators
on the left and right Neveu–Schwarz vacua.6 Denoting ψ˜µ the worldsheet superpartners of
the left-moving spacetime coordinates XµL , they are the (32× 31)/2 vectors
|µ; i, j〉 = ψ˜µ− 1
2
|NS〉L ⊗ ψi− 1
2
ψj− 1
2
|NS, h1 = · · · = h5 = 0〉R , i < j ∈ {1, . . . , 32} . (2.26)
Notice that the latter include those associated with the roots of SO(32) as well as those gen-
erating the Cartan subalgebra, which correspond respectively to the massless states arising
from the lattice ΓSpin(32)/Z2 and the factor 1/η16 in the partition function of the fermions ψi.
Because G1 flips ψi− 1
2
→ −ψi− 1
2
for i ∈ {17, ..., 32}, the modes invariant under G1 satisfy
i, j ∈ {1, ..., 16} or i, j ∈ {17, ..., 32}, and realize the 2× (16× 15)/2 generators of SO(16)2.
Applying similar projections onto G2-, G3- and G4-invariant states, the surviving vectors are
|µ; 2i − 1, 2i〉, i ∈ {1, ..., 16}, which generate SO(2)16. Hence, all massless states associated
with the roots of SO(32) have been projected out and we are left with the Cartan generators.
However, because the action of G5 flips ψ2i− 1
2
→ −ψ2i− 1
2
, i ∈ {1, ..., 16}, the Cartan generators
are also projected out. Hence, no gauge boson is realized in the untwisted sector of the Z52
orbifold theory, implying all of the 496 gauge symmetry generators to arise in the 31 twisted
sectors.
6The right-moving Ramond sector associated with the character S32 is massive (see Eq. (A.1)).
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3 Free orbifolds in lower dimensions
In order to preserve N = 1 supersymmetry in ten dimensions, the orbifold groups we have
considered so far act on the Spin(32)/Z2 or E8 × E8 lattices only. In lower dimension d,
though, new possibilities can be considered since orbifold groups may also act on the inter-
nal space. In this section and the following, we use the fact that free versions of orbifold
generators imply twisted sectors to become massive, and can therefore reduce the dimension
of the gauge symmetry. More specifically, we show that when vector bosons in the Cartan
subalgebra are realized in twisted sectors of non-free orbifold generators, turning the actions
into free versions yields a reduction of the rank. Hence, we have a mechanism, which is an
alternative to the CHL construction [22], to decrease the rank of the gauge symmetry in
heterotic string theory.
As an example, we compactify toroidally the Z52-orbifold setup described in the previous
section, and show that all gauge bosons generated by the fermions ψi can be made massive
by choosing free versions of all five orbifold generators, thus reducing the rank by 16 units.
Then, we show in various ways how maximal rank can be recovered by keeping one of the
generators not free. This will also be the occasion to stress subtleties in the manipulation of
the characters of SO(2n+ 1), especially the spinorial one.
3.1 Reduction of the rank
Let us consider the Spin(32)/Z2 heterotic string theory compactified on T 5, on which we
implement a Z52 free-orbifold action. The generators denoted Gf1, . . . , Gf5 act as G1, . . . , G5
on the fermions ψi, and as half-period shifts along the internal direction,
Gf10−I = G10−I ⊗
(
XI → XI + pi) , I ∈ {5, . . . , 9} . (3.1)
This Z52 action was first introduced in Ref. [6], though in a different base of generators,
as well as in Ref. [5] in presence of a spontaneous supersymmetry breaking. The one-loop
partition function is given by
Z5 =
V¯8 − S¯8
(
√
Im τ η¯η)3
1
25
∑
h1,...,h5
g1,...,g5
Γ5,5
[
h1, . . . , h5
g1, . . . , g5
]
(η¯η)5
ΓSpin(32)/Z2
[
h1, . . . , h5
g1, . . . , g5
]
η16
, (3.2)
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where the lattice of zero modes of the compact coordinates XI can be considered either in
Lagrangian or Hamiltonian form [23]. For arbitrary spacetime dimension d, it can be written
as
Γ10−d,10−d
[
h1, . . . , h10−d
g1, . . . , g10−d
]
=
√
detG
(Im τ)
10−d
2
∑
nd,...,n9
m˜d,...,m˜9
e−
pi
Im τ
[m˜I+g10−I+(nI+h10−I)τ ](G+B)IJ [m˜J+g10−J+(nJ+h10−J )τ¯ ]
=
∑
md,...,m9
nd,...,n9
e−2ipig10−KmK q¯
1
4
PLI G
−1
IJ P
L
J q
1
4
PRI G
−1
IJ P
R
J , (3.3)
where we have defined
P LI = mI + (B +G)IJ (nJ + h10−J) , P
R
I = mI + (B −G)IJ (nJ + h10−J) . (3.4)
In these formulas, GIJ and BIJ are the components of the internal metric and antisymmetric
tensor, the momenta and winding numbers are denoted mI , nI ∈ Z, and the sums over
m˜I ∈ Z are obtained by Poisson summation over the mI ’s.
From Eq. (3.3), we see that any state such that somemI or nI+h10−I is not vanishing has
a mass squared that depends on the moduli GIJ , BIJ . They are therefore generically massive
(as supersymmetry prevents the existence of tachyonic instabilities). Hence, in order to look
for vector bosons massless for generic GIJ , BIJ , it is enough to focus on the untwisted sector
at zero-momenta and zero-winding numbers,
h10−I = 0 , mI = nI = 0 , I ∈ {5, . . . , 9} . (3.5)
Restricting to these states in the partition function, we have in particular
1
25
∑
g1,...,g5
Γ5,5
[
0, . . . , 0
g1, . . . , g5
]∣∣∣
m5=···=m9=0
n5=···=n9=0
ΓSpin(32)/Z2
[
0, . . . , 0
g1, . . . , g5
]
η16
=
1
25
∑
g1,...,g5
ΓSpin(32)/Z2
[
0, . . . , 0
g1, . . . , g5
]
η16
= O321 + massive ,
(3.6)
where we have used Eq. (2.25). This shows that in the Z52 free-orbifold case, the gauge sym-
metry generated by the worldsheet fermions ψi is trivial, SO(1)32, with vanishing rank [5].
As seen in Ref. [24], the SO(1)32 theory in five dimensions can also be realized as an
orientifold model, which is dual to the heterotic picture [5].7,8 One considers the type I
7In Ref. [5, 24], a spontaneous breaking of supersymmetry is also implemented by a Scherk–Schwarz
mechanism.
8See Ref. [25, 26] for other orientifold models with reduced ranks but realizing the N = 2 → N = 0
spontaneous breaking of supersymmetry in four dimensions.
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string compactified on T 5, and applies a T-duality on all periodic directions. The internal
space becomes T˜ 5/I56789, which is the dual torus of coordinates X˜5, . . . , X˜9 modded by the
inversion I56789, (X˜5, . . . , X˜9) → −(X˜5, . . . , X˜9). There are 32 orientifold O5-planes, each
of then located on one fixed point, as well as 32 D5-branes (dual to the D9-branes present
before T-duality). The SO(1)32 model corresponds to distributing one D5-brane on each O5-
plane. Because the configuration must be invariant under the inversion I56789, all of these
D5-branes have rigid positions [27].
In the above open string picture, notice that sending to 0 the size of one direction, say
X˜9, 16 pairs of initially isolated D5-branes collapse, thus enhancing
(
SO(1) × SO(1))16 →
SO(2)16. Hence, decompactifying X9 on the dual heterotic side should also yield an enhance-
ment
(
SO(1)×SO(1))16 → SO(2)16. Maximal rank is therefore expected to be recovered at
infinite distance in moduli space, which we can check. In fact, by proceeding as in Eq. (3.6)
with only one generator Gf1, one finds that the Spin(32)/Z2 theory compactified on S1 and
orbifolded by Gf1 realizes the SO(32) → SO(16) × SO(16) breaking. Moreover, it is not
difficult to show that the SO(32) gauge symmetry is recovered in the decompactification
limit.9 It is then straightforward to compactify four directions X5, . . . , X8 and implement
the actions of Gf2, Gf3, Gf4, Gf5, which indeed break SO(32) → SO(2)16, as can be seen by
reasoning again as in Eq. (3.6).
3.2 Restoration of the rank
As observed at the end of the previous subsection, a discontinuity of the rank may be en-
countered at infinite distance in moduli space. Alternatively, one may recover Cartan vector
bosons by retrieving massless states in the twisted sector of non-free orbifold generators. In
the following, we consider the example of the Spin(32)/Z2 heterotic string theory compacti-
fied on the four-torus whose coordinates are X5, X6, X7, X8, and orbifolded by the group Z52
generated by G1 and the four free generators Gf2, Gf3, Gf4, Gf5. As reviewed in Sect. 2.1, this
model can also be seen as the E8 ×E8 theory compactified on T 4 and modded by Z42 gener-
ated by Gf2, Gf3, Gf4, Gf5. This setup turns out to reduce the initial E8 × E8 gauge symmetry
to U(1)16 in a non-trivial way. This will be shown by manipulating characters, and will be
9Physically, this means that the SO(32) → SO(16) × SO(16) breaking is “spontaneous”. The masses of
the SO(32) generators not in SO(16) × SO(16) are proportional to the inverse radius of S1 and vanish in
the decompactification limit.
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the opportunity to stress certain subtleties associated with the spinorial character S2n+1 of
SO(2n+ 1).
The partition function of the six-dimensional model is
Z6 =
V¯8 − S¯8
(
√
Im τ η¯η)4
1
24
∑
h2,...,h5
g2,...,g5
Γ4,4
[
h2, . . . , h5
g2, . . . , g5
]
(η¯η)4
1
2
∑
h1,g1
ΓSpin(32)/Z2
[
h1, . . . , h5
g1, . . . , g5
]
η16
, (3.7)
where the internal-torus lattice of zero modes is10
Γ4,4
[
h2, . . . , h5
g2, . . . , g5
]
=
∑
m5,...,m8
n5,...,n8
e−2ipig10−KmK q¯
1
4
PLI G
−1
IJ P
L
J q
1
4
PRI G
−1
IJ P
R
J . (3.8)
As before, we are interested in the gauge symmetry encountered for generic values of the
moduli GIJ , BIJ . As explained above Eq. (3.5), we may therefore concentrate our attention
on the states satisfying
h10−I = 0 , mI = nI = 0 , I ∈ {5, . . . , 8} , (3.9)
whose contributions to the partition function involve the sums
1
24
∑
g2,...,g5
Γ4,4
[
0, . . . , 0
g2, . . . , g5
]∣∣∣
m5=···=m8=0
n5=···=n8=0
1
2
∑
h1,g1
ΓSpin(32)/Z2
[
h1, 0, 0, 0, 0
g1, g2, g3, g4, g5
]
η16
=
1
24
∑
g2,...,g5
1
2
∑
h1,g1
ΓSpin(32)/Z2
[
h1, 0, 0, 0, 0
g1, g2, g3, g4, g5
]
η16
.
(3.10)
In the r.h.s., we have already shown in Eq. (2.25) that the untwisted contribution h1 = 0
yields a trivial subgroup SO(1)32 of the full gauge symmetry generated by the fermions ψi.
Hence, we are lead to analyze the gauge symmetry generated in the twisted sector h1 = 12 .
Projection of the twisted sector hα = 12 δα1: To this end, we may consider Eq. (2.8)
which yields
1
2
∑
g1
ΓSpin(32)/Z2
[
1/2
g1
]
η16
= O16S16 + S16O16 , (3.11)
and enforce successive projections onto G2-, . . . , G5-invariant root vectors. Decomposing all
SO(16) characters in terms of SO(8) ones by using Eq. (A.11), and applying the transfor-
mation rules (A.13) for those associated with the fermions sensitive to the action of G2, we
10Repeated indices I, J,K are implicitly summed over 5, . . . , 8.
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obtain
1
22
∑
g1,g2
ΓSpin(32)/Z2
[
1/2, 0
g1, g2
]
η16
=
1
2
∑
g2
[(
O28 + V8(−1)2g2V8
)(
S28 + C8(−1)2g2C8
)
+
(
O28 + V8(−1)2g2V8
)(
S28 + C8(−1)2g2C8
)]
= O28S
2
8 + S
2
8O
2
8 + massive ,
(3.12)
where all terms involving V8V8 yield massive states only. Proceeding the same way to imple-
ment the projections onto the G3- and G4-invariant states, one obtains in a straightforward
way
1
24
∑
g1,...,g4
ΓSpin(32)/Z2
[
1/2, 0, 0, 0
g1, . . . , g4
]
η16
= O82
{[
S82 + S
4
2C
4
2 + S
2
2C
2
2S
2
2C
2
2 + S
2
2C
4
2S
2
2 + (S
2
2 , C
2
2)→ (S2C2, C2S2)
]
+
[
S2 ↔ C2
]}
+
{
· · ·
}
O82 + massive , (3.13)
where the content of each pair of braces is identical, with 16 terms.
In order to apply the projection onto the G5-invariant states, we have to decompose
the SO(2) characters into SO(1) ones. As already mentioned above the derivation of the
untwisted sector contribution h1 = 0 in Eq. (2.25), the necessary manipulations of On and Vn
characters are irrespective of the parity of n. This is however not the case for the spinorial
affine characters. Indeed, already at the level of the representations of SO(n), there exist
two irreducible spinorial representations of opposite chiralities when n is even and a single
one (non-chiral) when n is odd. In practice, the characters S2n and C2n are equal since they
differ only in the signs of vanishing contributions ϑ
[
1/2
1/2
]n
in Eq. (A.1). They may however
be distinguished by considering their refined versions
S2n(ν1, . . . , νn|τ) = 1
2
 n∏
α=1
ϑ
[
1/2
0
]
(να|τ)
η(τ)
+
n∏
α=1
ϑ
[
1/2
1/2
]
(να|τ)
η(τ)
 ,
C2n(ν1, . . . , νn|τ) = 1
2
 n∏
α=1
ϑ
[
1/2
0
]
(να|τ)
η(τ)
−
n∏
α=1
ϑ
[
1/2
1/2
]
(να|τ)
η(τ)
 ,
(3.14)
where (ν1, . . . , νn) parametrizes the Cartan subalgebra [23]. In the case of SO(2n + 1)
characters, there is no such distinction since there is always one factor ϑ
[
1/2
1/2
] 1
2 (0|τ) = 0 that
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cannot be “refined”, so that
S2n+1(ν1, . . . , νn|τ) = 1√
2
 n∏
α=1
ϑ
[
1/2
0
]
(να|τ)
η(τ)

√√√√ϑ[1/20 ](0|τ)
η(τ)
. (3.15)
In particular, we may write S2 = S21 and C2 = S21 by applying identities given in Eq. (A.11).
Notice however that in Eq. (A.11) we have kept track of all contributions involving ϑ
[
1/2
1/2
]
’s
by introducing a vanishing quantity ∆2n+1 defined in Eq. (A.12). This can be useful if one
wants to reconstruct without ambiguity the partition function in terms of SO(2n) characters
rather than SO(2n+ 1). But more importantly, we will see at the end of the present section
that such terms are useful in some derivations. In any case, whether we keep these extra
terms or not, we obtain from Eq. (A.13) that flipping the boundary conditions along the
cycle [0, τ ] of all fermions sensitive to the action of G5 transforms
S2 = S
2
1 + ∆
2
1 −→ S1 i
1
2∆1 + ∆1 i
1
2S1 = 0 ,
C2 = S
2
1 −∆21 −→ S1 i
1
2∆1 −∆1 i 12S1 = 0 .
(3.16)
As a result, all non-trivial contributions arise for g5 = 0, so that
1
25
∑
g1,...,g5
ΓSpin(32)/Z2
[
1/2, 0, . . . , 0
g1, . . . , g5
]
η16
=
1
2
[(
O21 + V
2
1 )
8
{
S161 + 15 similar terms
}
+
{
· · ·
}(
O21 + V
2
1 )
8
]
+ massive
= 8O161 S
16
1 + 8S
16
1 O
16
1 + massive .
(3.17)
From the q-expansions given in Eq. (A.11), we see that each of the above 16 terms contribute
a massless state or, rather, a massless vector multiplet in the full theory. However, Eq. (3.17)
is telling us that these vector multiplets are spinors of the trivial SO(1)32 subgroup generated
in the untwisted sector, which is an empty statement. In particular, it is not clear at this
stage whether the 16 vector multiplets are Abelian or non-Abelian. The goal of the next
paragraph is to answer this question.
Projection of the twisted Fock space hα = 12 δα1: In order to figure out the self
interactions of the 16 gauge bosons generated in the twisted sector h1 = 12 , h2 = · · · = h5 = 0,
let us take a look at the associated Fock space. To this end, it is convenient to define a
16
complex basis of fermions
Ψu =
ψ2u−1 + iψ2u√
2
, Ψu† =
ψ2u−1 − iψ2u√
2
, u ∈ {1, . . . , 16} . (3.18)
In the right-moving Ramond hα = 12 δα1 sector, which is associated with the characters
S16O16 in Eq. (3.11), Ψ1, . . . ,Ψ8 have integer modes, while Ψ9, . . . ,Ψ16 have half-integer
modes. Similarly, in the Neveu–Schwarz hα = 12 δα1 sector, which corresponds to O16S16, the
fermions Ψ9, . . . ,Ψ16 have integer modes, while Ψ1, . . . ,Ψ8 have half-integer modes. Let us
focus on the Ramond sector, keeping in mind that the Neveu–Schwarz sector can be analyzed
in the same way. In the Ramond sector, the algebra of the zero modes
{Ψu0 ,Ψv†0 } = δuv , {Ψu0 ,Ψv0} = {Ψu†0 ,Ψv†0 } = 0 , u ∈ {1, . . . , 8} , (3.19)
implies the vacuum to be a spinor with 28 components. One of them, denoted
∣∣+1
2
, . . . ,+1
2
〉
,
vanishes under the action of the Ψu†0 ’s, and generates all other components by applying the
Ψu0 ’s,∣∣ s1
2
, . . . , s8
2
〉
= (Ψ10)
1−s1
2 · · · (Ψ80)
1−s8
2
∣∣+1
2
,+1
2
,+1
2
,+1
2
,+1
2
,+1
2
,+1
2
,+1
2
〉
, s1, . . . , s8 = ±1 .
(3.20)
Imposing
∣∣+1
2
, . . . ,+1
2
〉
to be normalized, the relations (3.19) can be used to show that
the
∣∣ s1
2
, . . . , s8
2
〉
form an orthonormal basis. Restricting to the spinorial representation of
SO(16) that corresponds to the low lying states of the characters S16O16 amounts to imposing∏8
u=1 su = +1, which selects 2
8/2 choices of signs.11
Denoting for convenience Ψu†0 ≡ Ψu,+10 and Ψu0 ≡ Ψu,−10 , the components of the vacuum
satisfy ∣∣ s1
2
, . . . , s8
2
〉
=
( 8∏
u=1
Ψu,su0 Ψ
u,−su
0
) ∣∣ s1
2
, . . . , s8
2
〉
. (3.21)
Under any symmetry Gα, where α = 2, 3 or 4, they must be mapped into low lying states,
11For SO(2n), the spinorial and anti-spinorial representations, which are associated with the characters
S2n and C2n, are obtained by imposing
∏n
u=1 su = +1 and
∏n
u=1 su = −1, respectively.
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i.e. linear combinations among themselves. Hence, we have
Gα
∣∣ s1
2
, . . . , s8
2
〉
=
∑
t1,...,t8
c
(α)
t1,...,t8
∣∣ t1
2
, . . . , t8
2
〉
= Gα
[( 8∏
u=1
Ψu,su0 Ψ
u,−su
0
) ∣∣ s1
2
, . . . , s8
2
〉 ]
=
∑
t1,...,t8
c
(α)
t1,...,t8
( 8∏
u=1
Ψu,su0 Ψ
u,−su
0
) ∣∣ t1
2
, . . . , t8
2
〉
= c(α)s1,...,s8
∣∣ s1
2
, . . . , s8
2
〉
,
(3.22)
where we have used in the second line the fact that all Ψu,su0 Ψ
u,−su
0 are invariant under
Gα. Because the square of Gα is the identity, we have (c
(α)
s1,...,s8)
2 = 1, which shows that all
components
∣∣ s1
2
, . . . , s8
2
〉
diagonalize G2, G3 and G4.
It turns out that
∣∣+1
2
, . . . ,+1
2
〉
has eigenvalues c(α)+1,...,+1 = +1 i.e. is invariant under these
generators. For G2, this is shown in Eq. (3.12), as it is one of the low lying states of the
monomial S28O28. Similarly,
∣∣+1
2
, . . . ,+1
2
〉
is a low lying state of the characters S44O44 and
S82O
8
2, which survive the projections associated with G3 and G4 (see Eq. (3.13)). It is then
straightforward to identify from the definition (3.20) all other low lying states of S16O16 that
are invariant under G2, G3, G4,∣∣+1
2
,+1
2
,+1
2
,+1
2
,+1
2
,+1
2
,+1
2
,+1
2
〉
,
∣∣+1
2
,+1
2
,+1
2
,+1
2
,−1
2
,−1
2
,−1
2
,−1
2
〉
,∣∣+1
2
,+1
2
,−1
2
,−1
2
,+1
2
,+1
2
,−1
2
,−1
2
〉
,
∣∣+1
2
,+1
2
,−1
2
,−1
2
,−1
2
,−1
2
,+1
2
,+1
2
〉
,∣∣+1
2
,−1
2
,+1
2
,−1
2
,+1
2
,−1
2
,+1
2
,−1
2
〉
,
∣∣+1
2
,−1
2
,+1
2
,−1
2
,−1
2
,+1
2
,−1
2
,+1
2
〉
,∣∣+1
2
,−1
2
,−1
2
,+1
2
,+1
2
,−1
2
,−1
2
,+1
2
〉
,
∣∣+1
2
,−1
2
,−1
2
,+1
2
,−1
2
,+1
2
,+1
2
,−1
2
〉
,
and all components obtained by changing +1
2
↔ −1
2
.
(3.23)
Consistently, they match the 16 monomials {S82 + · · · }O82 of Eq. (3.13) under the dictionary
(S2, C2)→ (+12 ,−12). After implementation of the projections onto G2-, G3-, G4-states, the
untwisted sector contributes a subgroup SO(2)16 of the gauge symmetry (see Eq. (2.24)).
Moreover, the states in Eq. (3.23) are labelled by their weights i.e. charges under the first
SO(2)8 factor of SO(2)16. The key point is that the weight vectors of the 8 states explicitly
listed in Eq. (3.23) are all orthogonal to each other. Hence, the associated Dynkin diagram
is composed of 8 disconnected dots, which corresponds to SU(2)8.
We are left with one task, which is to implement the projection onto the G5-invariant
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states. The generator G5 being a symmetry, it maps the low lying states into linear combi-
nations among themselves. Hence,
G5
∣∣ s1
2
, . . . , s8
2
〉
=
∑
t1,...,t8
c
(5)
t1,...,t8
∣∣ t1
2
, . . . , t8
2
〉
= G5
[( 8∏
u=1
Ψu,su0 Ψ
u,−su
0
) ∣∣ s1
2
, . . . , s8
2
〉 ]
(3.24)
=
∑
t1,...,t8
c
(5)
t1,...,t8
( 8∏
u=1
Ψu,−su0 Ψ
u,su
0
) ∣∣ t1
2
, . . . , t8
2
〉
= c
(5)
−s1,...,−s8
∣∣− s1
2
, . . . ,− s8
2
〉
,
where we have used the fact that G5 exchanges all Ψu†0 ↔ Ψu0 . Because G25 is the identity, we
obtain that c(5)−s1,...,−s8c
(5)
s1,...,s8 = 1 (no sum over the indices). Moreover, G5 being Hermitian,
taking in Eq. (3.24) the Hermitian product with
〈− s1
2
, . . . ,− s8
2
∣∣ yields (c(5)s1,...,s8)∗ = c(5)−s1,...,−s8 .
All coefficients are therefore pure phases, c(5)s1,...,s8 = e2iθs1,...,s8 , where θ−s1,...,−s8 = −θs1,...,s8 .
As a result, the states
1√
2
(
eiθs1,...,s8
∣∣ s1
2
, . . . , s8
2
〉± eiθ−s1,...,−s8 ∣∣− s1
2
, . . . ,− s8
2
〉)
(3.25)
form an orthonormal base that diagonalizes G5 and among which the “+” combinations
are invariant. In fact, we may have worked from the beginning with the vacuum states
eiθs1,...,s8
∣∣ s1
2
, . . . , s8
2
〉
rather than
∣∣ s1
2
, . . . , s8
2
〉
, which amounts to absorb the phases in the
definitions of the “bra”. In that case, the last projection onto G5-invariant states has two
effects. Firstly, it eliminates from the untwisted sector (the right-moving Neveu–Schwarz
h1 = · · · = h5 = 0 sector) the Cartan generators of SU(2)8. Secondly, it identifies all
positive roots of SU(2)8, which correspond to the “bra” explicitly displayed in Eq. (3.23),
with their opposite negative roots, thus yielding a system of 8 Abelian U(1) generators.
Taking into account both Ramond and Neveu–Schwarz hα = 12 δα1 sectors, the full
gauge symmetry generated by the fermions ψi in the Spin(32)/Z2 theory compactified
on T 4 parametrized by X5, X6, X7, X8 and orbifolded by the group generated by G1 and
Gf2, G
f
3, G
f
4, G
f
5 is U(1)16, which is of maximal rank.
Twisting the invariant states of the sector hα = 0: To derive Eq. (3.17), we have
considered the twisted sector hα = 12 δα1 of the lattice, Γ
Spin(32)/Z2
[
1/2
0
]
, on which we have
applied projections onto G2-, . . . , G5-invariant weights. In the following, we recover the
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result by reversing the operations. We start with the untwisted sector hα = 0 i.e. the lattice
ΓSpin(32)/Z2 , implement the five projections, and only then change the boundary conditions
along the cycle [0, 1] in order to switch to the twisted sector hα = 12 δα1. This turns out to
be an interesting exercise for the following reason:
Under a change of boundary conditions along the cycle [0, 1], vanishing terms involv-
ing factors ϑ
[
1/2
1/2
] 1
2 in a partition function are related to non-trivial contributions involving
ϑ
[
0
1/2
] 1
2 . When a partition function is expressed in terms of characters S2n and/or C2n, this
mapping between untwisted and twisted sectors is always satisfied, since all Jacobi modular
forms ϑ
[
1/2
1/2
] 1
2 are taken into account to provide physical information on the chirality of the
spectrum. However, when the partition function is expressed in terms of SO(2n+1) spinorial
characters S2n+1, there is no justification from the point of view of representation theory to
keep track of the contributions involving ϑ
[
1/2
1/2
] 1
2 . As illustrated in the following, we want to
stress that it is nevertheless mandatory to consider such terms when the mapping between
untwisted and twisted sectors is to be used.12
Starting with ΓSpin(32)/Z2 = O32 + S32, we can use iteratively the decompositions for-
mula (A.11) and transformation rules (A.13) to implement the projections associated with
the generators G1, G2, G3. This yields
1
23
∑
g1,g2,g3
ΓSpin(32)/Z2
[
0, 0, 0
g1, g2, g3
]
η16
=
{[
O84 +O
4
4V
4
4 +O
2
4V
2
4 O
2
4V
2
4 +O
2
4V
4
4 O
2
2 +O
2
4 ↔ V 24
]
(3.26)
+
[
(O24, V
2
4 )→ (V4O4, O4V4)
]}
+
{
(O4, V4)→ (C4, S4)
}
,
where there are 16 monomials in each pair of braces. Notice that contrary to Eq. (2.23), we
write explicitly all characters, including those that yield only massive contributions, as we
are ultimately interested in mapping them into hα = 12 δα1-twisted sector contributions. Let
us concentrate first on the 16 monomials X(1)4 · · ·X(8)4 where all factors are either O4 or V4.
As seen in the sequel, the last four factors X(5)4 · · ·X(8)4 generate a multitude of terms S161
after implementation of the last two projections and the twist by G1. To obtain massless
states, the four first factors X(1)4 · · ·X(4)4 must therefore contribute prefactors O161 , which do
note contain characters V1. This constraint imposes X
(1)
4 · · ·X(4)4 = O44, which is satisfied
12Notice that the link between ϑ
[
0
1/2
]
and ϑ
[
1/2
1/2
]
is to be distinguished with modular invariance, since terms
involving ϑ
[
1/2
1/2
]
are mapped into themselves under SL(2,Z) transformations. Indeed, vanishing terms are
(obviously) modular invariant.
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only by the first two monomials in the r.h.s. of Eq. (3.26). Implementing the projection
associated with G4 on the terms O44(O44 + V 44 ), one obtains
1
24
∑
g1,...,g4
ΓSpin(32)/Z2
[
0, . . . , 0
g1, . . . , g4
]
η16
∣∣∣∣∣
order-8 monomials in O4, V4
(3.27)
= O82
(
O82 + 15 other order-8 monomials in O2, V2
)
+ massive after twisting by G1 ,
while the last projection onto G5-invariant weights yields
1
25
∑
g1,...,g5
ΓSpin(32)/Z2
[
0, . . . , 0
g1, . . . , g5
]
η16
∣∣∣∣∣
order-8 monomials in O4, V4
= O161
(
O161 +
(
28
2
× 16− 1) other order-16 monomials in O1, V1)
+ massive after twisting by G1 .
(3.28)
We are now ready to flip the boundary conditions along the cycle [0, 1] of the fermions
ψi, i ∈ {17, . . . , 32}. The overall factor O161 in Eq. (3.28) is invariant while all O1 and V1
characters in the parenthesis are transformed according to Eq. (A.14), which yields
O1 −→ S1 + i∆1√
2
=
S1√
2
, V1 −→ S1 − i∆1√
2
=
S1√
2
. (3.29)
Notice that it is safe to omit all vanishing ∆1 terms, which do not contain information on
the twisted spectrum. As a result, we find
1
25
∑
g1,...,g5
ΓSpin(32)/Z2
[
1/2, 0, . . . , 0
g1, . . . , g5
]
η16
∣∣∣∣∣∣
order-8 monomials in O4, V4
= O161
( S1√
2
)16
× 2
8
2
× 16 + massive
= 8O161 S
16
1 + massive , (3.30)
which reproduces the first monomial in Eq. (3.17).
Let us move on the 16 monomials in Eq. (3.26) that contain characters C4 or S4. Imple-
menting the projection associated with G4, we obtain
1
24
∑
g1,...,g4
ΓSpin(32)/Z2
[
0, . . . , 0
g1, . . . , g4
]
η16
∣∣∣∣∣
order-8 monomials in C4, S4
(3.31)
= (S2C2)
8 +
(
28
2
× 16− 1) other order-16 monomials in S2, C2 .
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As seen in Eq. (3.16), flipping the boundary conditions along the cycle [0, τ ] of all fermions
sensitive to the action of G5 transforms the characters S2, C2 into S1 i
1
2∆1±∆1 i 12S1. More-
over, when this is done on the 8 first characters S2 or C2 of each monomial in Eq. (3.31),
these vanishing factors are invariant under the action of G1 that flips boundary conditions
along [0, 1]. Hence, we are free to omit all contributions g5 = 1 when implementing the
projection onto G5-invariant states, which yields
1
25
∑
g1,...,g5
ΓSpin(32)/Z2
[
0, . . . , 0
g1, . . . , g5
]
η16
∣∣∣∣∣
order-8 monomials in C4, S4
=
1
2
{[
(S21 + ∆
2
1)(S
2
1 −∆21)
]8 (3.32)
+
(
28
2
× 16− 1) other order-16 monomials in S21 + ∆21, S21 −∆21} .
As an example, let us focus on the first of the 28
2
× 16 terms. Flipping the boundary
conditions along the cycle [0, 1] of the fermions sensitive to the action of G1, this term
transforms according to Eq. (A.14),
1
2
[
(S21 + ∆
2
1)(S
2
1 −∆21)
]8 −→ 1
2
[
(S21 + ∆
2
1)(S
2
1 −∆21)
]4
×
{[(O1 + V1√
2
)2
+
(
i−
1
2
O1 − V1√
2
)2][(O1 + V1√
2
)2
+
(
i−
1
2
O1 − V1√
2
)2]}4
−→ 2
4
2
S161
(O1√
2
)16
+ massive .
(3.33)
Notice that we are free to set ∆1 = 0 in the first 8 factors (S21±∆21), while it is mandatory to
keep track of all ∆1’s in the last 8 factors (S21 ±∆21) because they transform into non-trivial
contributions of the twisted sector hα = 12 δα1. In general, the monomials in Eq. (3.31)
containing n characters S2 and 8 − n characters C2 in their last 8 factors contribute as
shown in Eq. (3.33) up to a multiplicative coefficient in. Due to a symmetry that exchanges
S2 ↔ C2, the imaginary terms (n odd) cancel each other and we are left with contributions
for n = 0, 2, 4, 6, 8. By counting how many terms can be generated for each n from the 16
monomials involving C4, S4 in Eq. (3.26), we find that
1
25
∑
g1,...,g5
ΓSpin(32)/Z2
[
1/2, 0, . . . , 0
g1, . . . , g5
]
η16
∣∣∣∣∣∣
order-8 monomials in C4, S4
=
24
2
S161
(O1√
2
)16
× 2
4
2
(
2− 56 + 140− 56 + 2
)
+ massive
= 8S161 O
16
1 + massive ,
(3.34)
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which reproduces the second monomial in Eq. (3.17). Had we omitted the ∆1’s responsible
for the contributions i−
1
2 (O1 − V1)/
√
2 once twisted by G1, we would have found half of the
correct answer, 4S161 O161 .
4 From Wilson line backgrounds to orbifolds
In this section, we would like to stress some links between Wilson line backgrounds and
orbifold actions. In quantum field theory, switching on moduli in the Coulomb branch of a
gauge theory implies a reduction of the dimension of the gauge group but the preservation
of its rank. In the context of string theory, Wilson-line backgrounds are realized by switch-
ing one marginal deformations of the worldsheet conformal field theory. However, it turns
out that Wilson line deformations around backgrounds can alternatively be described by
implementing orbifold actions, which are free in order not to generate massless gauge bosons
associated with extra generators in twisted sectors.13 In the following, we first illustrate
this fact for Wilson-line backgrounds corresponding to Z2 free orbifold actions in presence of
discrete torsion [17, 18]. Then, we show that the correspondence of the two approaches can
be extended to cases where the free orbifold actions reduce the rank, as seen for instance
in Sect 3.1. When this is so, however, the deformations are discrete and no longer vacuum
expectation values of moduli fields, as they actually transform the initial model into another
model belonging to a distinct component of the moduli space.
4.1 Wilson lines of the Spin(32)/Z2 theory on T 10−d
The master formula we are going to use extensively is the expression of the Narain lat-
tice [28,29] of the Spin(32)/Z2 heterotic string theory compactified toroidally down to d di-
mensions [11,12]. The latter is a moduli-dependent, even, self-dual and Lorentzian lattice of
13These extra generators can be of non-Cartan type, as seen in Sect. 2.1 2.2. They can also be of Cartan
type, as seen in various ways in Sect. 3.2.
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signature (10− d, 26− d), which may be written as
Γ10−d,26−d =
1
2
∑
γ,δ
Γ10−d,26−d
[
γ
δ
]
, where
Γ10−d,26−d
[
γ
δ
]
(G,B, ~Y ) =
√
detG
(Im τ)
10−d
2
∑
nd,...,n9
m˜d,...,m˜9
e−
pi
Im τ
(m˜I+nIτ)(G+B)IJ (m˜J+nJ τ¯)
× eipinI ~YI ·(2δ~116−m˜J ~YJ)
16∏
u=1
ϑ
[
γ − nKYKu
δ − m˜LYLu
]
.
(4.1)
In this expression, ~YI is a vector with real entries YIu, u ∈ {1, . . . 16}, and ~116 is the 16-vector
whose components are all equal to 1. We choose to write the contribution associated with
the zero modes of the internal torus T 10−d in Lagrangian form. The moduli space of marginal
deformations of the Narain lattice has real dimension (10− d)× (26− d). Hence, it is fully
parametrized by the internal metric and antisymmetric tensor, (G+B)IJ , I, J ∈ {d, . . . , 9},
together with YIu, u ∈ {1, . . . , 16}. To show that modular invariance of any partition
function involving Γ10−d,26−d
[
γ
δ
]
is not spoiled by these deformations, one can check that the
transformation properties under the SL(2,Z) generators are independent of (G+ B)IJ and
YKu,
τ → τ + 1 =⇒ (γ, δ)→
(
γ, δ + γ − 1
2
)
,
τ → −1
τ
=⇒ (γ, δ)→ (δ,−γ) .
(4.2)
However, because the above transformations send γ, δ in Z∪ (Z+ 1
2
) rather than {0, 1
2
}, one
also has to check that changing γ → γ + 1 or δ → δ + 1 affects Γ10−d,26−d
[
γ
δ
]
in a way that is
independent of (G+B)IJ and YKu. This turns out to be trivially the case since
Γ10−d,26−d
[
γ + 1
δ
]
(G,B, Y ) = Γ10−d,26−d
[
γ
δ + 1
]
(G,B, Y ) = Γ10−d,26−d
[
γ
δ
]
(G,B, Y ) . (4.3)
Because the quantum numbers of the degrees of freedom described by the partition function
are discrete, they are independent of the continuous deformations. On the contrary, nothing
protects the associated masses to depend on the moduli.14 In a maximally supersymmetric
heterotic string model (e.g. N = 4 in four dimensions), varying masses while preserving
the number of degrees of freedom can only describe the spontaneous breaking of the gauge
14Technically, invariance of the partition function under τ → τ+1 can be used to show that the dependence
on (G + B)IJ and YIu disappears completely from the level-matching condition L¯0 − 12 = L0 − 1, where
L¯0, L0 are the zero modes of the left- and right-moving Virasoro generators. On the contrary, each side of
this equality is proportional to the mass squared operator and depends on the moduli.
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symmetry in the Coulomb branch. Hence, both (G + B)IJ and YIu may be interpreted as
Wilson lines along the compact direction XI of the (10− d) + 16 Cartan U(1)’s.
The marginal deformations admits periodicity and symmetry properties. Using
e−
pi
Im τ
(m˜I+nIτ)(G+B)IJ (m˜J+nJ τ¯) = e−2ipinIBIJm˜J , (4.4)
one concludes that
BIJ −→ BIJ + δBIJ , where δBIJ ∈ Z , I, J ∈ {d, . . . , 9} , (4.5)
is a periodicity of Γ10−d,26−d
[
γ
δ
]
. Moreover, one can check that
(YKu, BIJ) −→
(
YKu + δYKu , BIJ − 1
2
(
δYIuYJu − YIuδYJu
))
,
where δYKu ∈ 2Z , K ∈ {d, . . . , 9} , u ∈ {1, . . . , 16} ,
(4.6)
is another symmetry. Finally, for any given I ∈ {d, . . . , 9}, the inversion ~YI → −~YI leaves
Γ10−d,26−d
[
γ
δ
]
invariant.
4.2 Z2-orbifold actions on 16 ψi’s
The link between Wilson-line backgrounds and free orbifold actions can be illustrated by
models constructed in the previous section, which involve the generators Gf1, . . . , Gf5.
Z2 generated by Gf1: The first example we consider is that of the Spin(32)/Z2 theory
compactified on a circle S1(R9) of radius R9.15 The moduli space is spanned by R9 ≡
√
G99
and the Wilson lines Y9u, u ∈ {1, . . . , 16}. The latter can be split into a background value
Yˆ9u and a continuous deformation Y ′9u as follows,
~Y9 = ~Y
′
9 +
~ˆ
Y9 , (4.7)
where ~ˆY9 =
(
0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ,−1
2
,−1
2
,−1
2
,−1
2
,−1
2
,−1
2
,−1
2
,−1
2
)
.
Inserting this decomposition of ~Y9 into Eq. (4.1) for d = 9, and redefining
n9 = 2(`9 + h1) , m˜9 = 2(k˜9 + g1) , where h1, g1 ∈
{
0,
1
2
}
, (4.8)
15We measure it in string units, i.e. we set the string tension α′ to be 1.
25
in order to divide the discrete sums over n9, m˜9 into sums over `9, k˜9 and h1, g1, one obtains
Γ1,17
[
γ
δ
](
R29, ~Y
′
9 +
~ˆ
Y9
)
=
2R9√
Im τ
1
2
∑
h1,g1
∑
`9,k˜9
e−
pi(2R9)
2
Im τ |k˜9+g1+(`9+h1)τ|2 e4ipi(`9+h1)~Y ′9 ·(δ~116−(k˜9+g1)~Y ′9)
×
8∏
u=1
ϑ
[
γ − 2(`9 + h1)Y ′9u
δ − 2(k˜9 + g1)Y ′9u
] 16∏
v=9
(
e4ipi(`9+h1)g1Y
′
9v ϑ
[
γ + h1 − 2(`9 + h1)Y ′9v
δ + g1 − 2(k˜9 + g1)Y ′9v
])
. (4.9)
At the new origin of the Wilson line moduli space, ~Y ′9 = ~0, this leads to
1
2
∑
γ,δ
Γ1,17
[
γ
δ
](
R29,
~ˆ
Y9
)
=
1
2
∑
h1,g1
2R9√
Im τ
∑
`9,k˜9
e−
pi(2R9)
2
Im τ |k˜9+g1+(`9+h1)τ|2 1
2
∑
γ,δ
ϑ
[
γ
δ
]8
ϑ
[
γ + h1
δ + g1
]8
≡ 1
2
∑
h1,g1
Γ1,1
[
h1
g1
]
(4R29) Γ
Spin(32)/Z2
[
h1
g1
]
. (4.10)
where we recognize the lattice of zero modes of the circle of double radius 2R9 (see Eq. (3.3)),
coupled to the Spin(32)/Z2 root lattice modded by G1 (see Eq. (2.5)). Hence, the Wilson-
line background (4.7) of the Spin(32)/Z2 theory compactified on S1(R9) is equivalent to
the background of the Spin(32)/Z2 theory compactified on S1(2R9) and orbifolded by Z2
generated by Gf1.
More generally, in the Spin(32)/Z2 theory compactified toroidally on T 10−d, one can
always derive from Eq. (4.1) by following the same steps the continuous Wilson-line defor-
mations around any free orbifold model viewed as as a Wilson-line background. Hence, from
now on, we will concentrate on the orbifold descriptions of specific backgrounds and will not
implement these continuous Wilson-line deformations.
Z42 generated by G
f
1, . . . , G
f
4: From the previous example, it seems natural to expect
that orbifold models obtained by combining the actions of several Z2 generators Gfα in lower
dimension may be described by Wilson-line backgrounds where all components YIu take
values in {0,−1
2
}. For instance, in dimension d = 6, the background naturally generalizing
that given in Eq. (4.7) may be
~ˆ
Y9 =
(
0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ,−1
2
,−1
2
,−1
2
,−1
2
,−1
2
,−1
2
,−1
2
,−1
2
)
,
~ˆ
Y8 =
(
0 , 0 , 0 , 0 ,−1
2
,−1
2
,−1
2
,−1
2
, 0 , 0 , 0 , 0 ,−1
2
,−1
2
,−1
2
,−1
2
)
,
~ˆ
Y7 =
(
0 , 0 ,−1
2
,−1
2
, 0 , 0 ,−1
2
,−1
2
, 0 , 0 ,−1
2
,−1
2
, 0 , 0 ,−1
2
,−1
2
)
,
~ˆ
Y6 =
(
0 ,−1
2
, 0 ,−1
2
, 0 ,−1
2
, 0 ,−1
2
, 0 ,−1
2
, 0 ,−1
2
, 0 ,−1
2
, 0 ,−1
2
)
.
(4.11)
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However, for order 2 generators, background values equal to +1
2
should play similar roles.
Notice, though, that from the symmetry properties given at the end of Sect. 4.1, the choice
of background for any YIu may be restricted to lie in the range (−1, 1], provided that the
antisymmetric tensor is kept arbitrary. Hence, background values equal to −1
2
and +1
2
may
not be totally equivalent. To understand the difference,16 let us consider an alternative
example of Wilson-line vacuum expectation values in six dimensions given by
~ˇY9 =
(
0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ,−1
2
,−1
2
,−1
2
,−1
2
,+1
2
,+1
2
,+1
2
,+1
2
)
,
~ˇY8 =
(
0 , 0 , 0 , 0 ,−1
2
,−1
2
,+1
2
,+1
2
, 0 , 0 , 0 , 0 ,+1
2
,+1
2
,−1
2
,−1
2
)
,
~ˇY7 =
(
0 , 0 ,−1
2
,+1
2
, 0 , 0 ,+1
2
,−1
2
, 0 , 0 ,−1
2
,+1
2
, 0 , 0 ,+1
2
,−1
2
)
,
~ˇY6 =
(
0 ,−1
2
, 0 ,+1
2
, 0 ,−1
2
, 0 ,+1
2
, 0 ,−1
2
, 0 ,+1
2
, 0 ,−1
2
, 0 ,+1
2
)
.
(4.12)
For the backgrounds ~Y ≡ ~ˇY and ~Y ≡ ~ˆY , Eq. (4.1) turns out to yield the final expressions17
1
2
∑
γ,δ
Γ4,20
[
γ
δ
](
G,B, ~ˇY
)
=
1
24
∑
h1,...,h4
g1,...,g4
Γ4,4
[
h1, . . . , h4
g1, . . . , g4
]
(4G, 4B) ΓSpin(32)/Z2
[
h1, . . . , h4
g1, . . . , g4
]
, (4.13)
1
2
∑
γ,δ
Γ4,20
[
γ
δ
](
G,B,
~ˆ
Y
)
=
1
24
∑
h1,...,h4
g1,...,g4
Γ4,4
[
h1, . . . , h4
g1, . . . , g4
]
(4G, 4B) ΓSpin(32)/Z2
[
h1, . . . , h4
g1, . . . , g4
] T [h1, . . . , h4g1, . . . , g4] .
Therefore, the background (G + B)IJ , ~ˇYI of the Spin(32)/Z2 theory compactified on T 5 is
equivalent to the background 4(G+B)IJ , ~YI = ~0 of the Spin(32)/Z2 theory compactified on
T 5 and modded by Z42 generated by Gf1, . . . , Gf4. Moreover, the background (G+B)IJ ,
~ˆ
YI is
similar, up to a discrete torsion [17,18],
T [h1, . . . , h4g1, . . . , g4] = (−1)4
∑
α6=β hαgβ , (4.14)
which is a set of signs that modifies the projections onto Gfα-invariant states, α = 1, . . . , 4.
If, by construction, we already know that both lattices in Eq. (4.13) yield modular invariant
one-loop partition functions, it can be checked a posteriori that the presence or not of such
discrete torsions does not alter modular invariance. Indeed, under the reshuffling of the
conformal blocks induced by modular transformations,
τ → τ + 1 =⇒ (hα, gα)→ (hα, gα + hα) , α ∈ {1, . . . , 4} ,
τ → −1
τ
=⇒ (hα, gα)→ (gα,−hα) ,
(4.15)
16One may compare similarly background values equal to 0 and 1.
17Details of the derivation are postponed to the next paragraph, when we discuss the case of a Z52 orbifold
in 5 dimensions.
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any individual sign (−1)4hα0gβ0+4hβ0gα0 for given α0, β0 ∈ {1, . . . , 4}, α0 6= β0, is invariant.
Moreover, it is invariant under the shift by 1 of any of the hα0 , hβ0 , gα0 , gβ0 . Hence, such a
sign can be introduced or removed from the partition function at will. In fact, it is only in
dimension d = 9 that such discrete torsions that distinguish Wilson-line expectation values
−1
2
and +1
2
do not exist.
As explained in Sect. 3.1, in order to find the generic gauge symmetry induced by the
fermions ψi, it is enough to restrict in the Hamiltonian form of the T 4 lattice to the untwisted
states at zero momentum and winding numbers. For both backgrounds, this yields SO(2)16,
as the torsion is only non-trivial in the twisted sectors. Indeed, one obtains using Eq. (2.24)
that
1
24
∑
g1,...,g4
Γ4,4
[
0, . . . , 0
g1, . . . , g4
]∣∣∣
m6=···=m9=0
n6=···=n9=0
ΓSpin(32)/Z2
[
0, . . . , 0
g1, . . . , g4
]
η16
T [ 0, . . . , 0g1, . . . , g4]
=
1
24
∑
g1,...,g4
ΓSpin(32)/Z2
[
0, . . . , 0
g1, . . . , g4
]
η16
= O162 + massive .
(4.16)
Finally, note that it is also clear from the orbifold point of view that both lattices in Eq. (4.13)
admit identical continuous Wilson-line deformations. This follows from the fact that the
orbifold actions are free, implying all moduli, which are massless, to belong to the untwisted
sector. However, the latter is not affected by the presence or not of the discrete torsion T
which modifies projections only in the twisted sectors. Moreover, let us mention that away
from the isolated backgrounds involving only expectations values for YIu in {−12 , 0, 12 , 1}, the
gauge symmetry generated by the fermions ψi is generic and contains unitary factors.
Z52 generated by G
f
1, . . . , G
f
5: We know that in the free-orbifold model associated with
the generators Gf1, . . . , Gf5 in five dimensions, the gauge symmetry generated by the fermions
ψi is trivial, SO(1)32, implying no Wilson-line deformations YIu to exist. In the following,
we show that a generalized version of formula (4.1) can nevertheless be used to construct
consistent orbifold models of reduced rank.
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In arbitrary dimension d, our starting point may be Eq. (4.1) rewritten as
Γ10−d,26−d =
1
2
∑
γ,δ
Γ10−d,26−d
[
γ
δ
]
, where
Γ10−d,26−d
[
γ
δ
]
(G,B, ~y) =
√
detG
(Im τ)
10−d
2
∑
nd,...,n9
m˜d,...,m˜9
e−
pi
Im τ
(m˜I+nIτ)(G+B)IJ (m˜J+nJ τ¯)
× eipi2 nI~yI ·(2δ~132−m˜J~yJ)
32∏
i=1
ϑ
[
γ − nKyKi
δ − m˜LyLi
] 1
2 .
(4.17)
In this expression, ~yI and ~132 are 32-vectors with entries yIi or 1, respectively. Hence, we
replace the (10− d)× 16 continuous Wilson lines YIu by (10− d)× 32 deformations yIi that
may or may not be interpreted as moduli, depending on the case at hand. Clearly, when
yI,2u−1 ≡ yI,2u ≡ YIu , I ∈ {d, . . . , 9} , u ∈ {1, . . . , 16} , (4.18)
we recover the initial Narain lattice (4.1), which leads to rank 10− d+ 16 gauge groups gen-
erated by the bosonic side of the Spin(32)/Z2 heterotic string. In all other cases, Eq. (4.17)
can be used to derive consistent free orbifold models of reduced ranks. Indeed, all properties
of Γ10−d,26−d
[
γ
δ
]
regarding modular transformations remain valid whether it is deformed by
YIu’s or yIi’s.
In dimension d = 5, let us consider two possible deformations. The first one, denoted ~ˆyI ,
is equivalent to the background given in Eq. (4.11) supplemented by deformations associated
with the extra dimension 5,
yˆI,2u−1 = yˆI,2u = YˆIu , I ∈ {6, . . . , 9} , u ∈ {1, . . . , 16} ,
yˆ5,2u−1 = 0 , yˆ5,2u = −1
2
.
(4.19)
The second one, ~ˇyI , refines similarly that given in Eq. (4.12),
yˇI,2u−1 = yˇI,2u = YˇIu , I ∈ {6, . . . , 9} , u ∈ {1, . . . , 16} ,
yˇ5,4u−3 = 0 , yˇ5,4u−2 = −1
2
, yˇ5,4u−1 = 0 , yˇ5,4u = +
1
2
, u ∈ {1, . . . , 8} . (4.20)
Taking ~y = ~ˆy in Eq. (4.17) and redefining
nI = 2(`I + h10−I) , m˜I = 2(k˜I + g10−I) , where h10−I , g10−I ∈
{
0,
1
2
}
, I ∈ {5, . . . , 9} ,
(4.21)
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we obtain
1
2
∑
γ,δ
Γ5,21
[
γ
δ
](
G,B, ~ˆy
)
=
1
25
∑
h1,...,h5
g1,...,g5
Γ5,5
[
h1, . . . , h5
g1, . . . , g5
]
(4G, 4B) ΓSpin(32)/Z2
[
h1, . . . , h5
g1, . . . , g5
] T [h1, . . . , h5g1, . . . , g5] ,
(4.22)
where the discrete torsion
T [h1, . . . , h5g1, . . . , g5] = (−1)4
∑
α6=β hαgβ (4.23)
arises from the phase ei
pi
2
nI ~ˆyI ·(2δ~132−m˜J ~ˆyJ). For the second deformation, ~y = ~ˇy, notice that we
have chosen assignments of ±1
2
deformations such that
~ˇyI · ~132 = 0 , ~ˇyI · ~ˇyJ = 4δIJ , I, J ∈ {5, . . . , 9} , (4.24)
which implies ei
pi
2
nI ~ˇyI ·(2δ~132−m˜J ~ˇyJ) = 1. Moreover, observing that ~ˇyI = ~ˆyI + ~υI where
~υI · ~ˆyJ ∈ 4Z, I, J ∈ {5, . . . , 9}, one can show that
32∏
i=1
ϑ
[
γ − nK yˇKi
δ − m˜LyˇLi
] 1
2 =
32∏
i=1
ϑ
[
γ − nK yˆKi
δ − m˜LyˆLi
] 1
2 . (4.25)
Hence, we conclude that
1
2
∑
γ,δ
Γ5,21
[
γ
δ
](
G,B, ~ˇy
)
=
1
25
∑
h1,...,h5
g1,...,g5
Γ5,5
[
h1, . . . , h5
g1, . . . , g5
]
(4G, 4B) ΓSpin(32)/Z2
[
h1, . . . , h5
g1, . . . , g5
]
. (4.26)
The lattices in Eq. (4.22) and (4.26) are those encountered in the Spin(32)/Z2 theory on
T 5, with internal metric and antisymmetric tensors 4G, 4B, and orbifolded by Z52 generated
by Gf1, . . . , Gf5, with or without discrete torsion. As in the Z42 case described before, they
have identical untwisted sectors. In particular, the “gauge symmetries” generated by the
fermions ψi are in both cases SO(1)32. The Coulomb branch of such a trivial group being
zero-dimensional, the deformations ~ˆy or ~ˇy cannot be made continuous. Let us stress again
that the essence of Eq. (4.17) is its good transformation properties under the modular group,
irrespectively of the fact that ~y are expectations values of moduli fields or simply discrete
deformations. It is because none of the pairs yˆ5,2u−1, yˆ5,2u (or yˇ5,2u−1, yˇ5,2u) take equal values
for any u ∈ {1, . . . , 16} that the rank is reduced by 16 units. In the next subsection, we
describe another example where only part but not all of the pairs yI,2u−1, yI,2u cannot be
combined in Wilson-line moduli expectation values.
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4.3 Z2-orbifold actions on 8 ψi’s
So far, we have only considered orbifold generators that flip the signs of 16 fermions ψi.
This is because we started our discussion in Sect. 2 in 10 dimensions, for which it can be
easily seen that only generators acting on a multiple of 8 fermions ψi may be considered,
as imposed by modular invariance. In the following, we analyze Wilson-line backgrounds
equivalent to orbifold models involving generators acting on 8 fermions. This will be the
opportunity to see that unlike the case where all Z2 free generators act on 16 ψi’s, Z2 free
generators acting on less than 16 fermions must act in most cases “asymmetrically” on the
lattice of zero modes of the internal torus. We will consider in particular an example of
model with rank reduced by 8 units and involving SO(3) gauge group factors.
Z2 free generator G˜f acting on 8 ψi’s: Our starting point is the Spin(32)/Z2 theory
compactified on S1(R9) with Wilson-line background
~˜Y9 =
(
0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ,−1
2
,−1
2
,−1
2
,−1
2
)
. (4.27)
Applying Eq. (4.1) for d = 9 at ~Y9 =
~˜Y9, and redefining
n9 = 2(`9 + h˜) , m˜9 = 2(k˜9 + g˜) , where h˜, g˜ ∈
{
0,
1
2
}
, (4.28)
we obtain
1
2
∑
γ,δ
Γ1,17
[
γ
δ
](
R29,
~˜Y9
)
=
1
2
∑
h˜,g˜
Γ1,1
[
h˜
g˜
]
(4R29) Γ
Spin(32)/Z2
[
h˜
g˜
]
(−1)4h˜g˜ , (4.29)
where we denote from now on
ΓSpin(32)/Z2
[
h˜
g˜
]
≡ 1
2
∑
γ,δ
ϑ
[
γ
δ
]12
ϑ
[
γ + h˜
δ + g˜
]4
, (4.30)
which differs from the definition used in Eq. (2.5). Notice the presence of a sign (−1)4h˜g˜
which is a remnant of the phase that dresses the product of ϑ functions in Eq. (4.1). This
sign is not a discrete torsion, as it is required by modular invariance. Indeed, it makes
(−1)4h˜g˜ΓSpin(32)/Z2
[
h˜
g˜
]
transform suitably under modular transformations for the contributions
(h˜, g˜) of the partition function to be reshuffled,
τ → τ + 1 =⇒ (h˜, g˜)→ (h˜, g˜ + h˜) ,
τ → −1
τ
=⇒ (h˜, g˜)→ (g˜,−h˜) ,
(4.31)
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while preserving the definitions of h˜, g˜ modulo 1.
Eq. (4.29) is telling us that the background ~˜y of the Spin(32)/Z2 theory compactified
on S1(R9) admits a description in terms of a Z2-orbifold action on the Spin(32)/Z2 theory
compactified on S1(2R9). The associated generator G˜f acts as
G˜f = G˜⊗ (X9 → X9 + pi) , (4.32)
where G˜ flips the signs of 8 fermions ψi,
G˜ : + + + + + + + + + + + + + + + + + + + + + + + +−−−−−−−− . (4.33)
Moreover, notice that changing Γ1,1
[
h˜
g˜
]
(4R29) → 2R9/
√
Im τ in the r.h.s. of Eq. (4.29) does
not alter the modular transformations properties. Therefore, we may consider the action
of G˜ alone, i.e. on the heterotic strings in ten dimensions. In fact, if the Wilson-line
background we started with had not led to a generator acting on a multiple of 8 fermions,
the phase dressing the ϑ functions in Eq. (4.1) (or Eq. (4.17)) would remain dependant on
`9, k˜9. In such cases, it would not be consistent to consider a version of the orbifold action
in 10 dimensions.
Action of G˜ in ten dimensions: Before illustrating in the next paragraph the non-
trivial use of free generators acting on 8 fermions ψi, let us show that unlike G1, . . . G5, the
generator G˜ acts somehow trivially in ten dimensions.18
To derive its effect on the Spin(32)/Z2 and E8×E8 theories, we apply the method utilized
in Sect. 2.1 and 2.2, which is based on the decomposition formulas (A.11) and transformations
rules (A.13), (A.14). The action of G˜ on the Spin(32)/Z2 lattice reads
1
2
∑
h˜,g˜
ΓSpin(32)/Z2
[
h˜
g˜
]
η16
(−1)4h˜g˜ = 1
2
∑
g˜
{
O24O8 + V24(−1)2g˜V8 + S24S8 + C24(−1)2g˜C8
+ (−1)2g˜
[
O24S8 + V24(−1)2g˜C8 + S24O8 + C24(−1)2g˜V8
]}
= O24O8 + S24S8 + V24C8 + C24V8 (4.34)
= O′32 + S
′
32 ,
18We thank Carlo Angelantonj for private communication on this statement.
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where we have used the triality symmetry V8 ↔ C8 to obtain the last equality. Similarly, G˜
acting on the E8 × E8 theory yields
1
2
∑
h˜,g˜
ΓE8×E8
[
h˜
g˜
]
η16
(−1)4h˜g˜ = 1
2
∑
g˜
(O16 + S16)
{
O8O8 + V8(−1)2g˜V8 + S8S8 + C8(−1)2g˜C8
+ (−1)2g˜
[
O8S8 + V8(−1)2g˜C8 + S8O8 + C8(−1)2g˜V8
]}
= (O16 + S16)(O8O8 + S8S8 + V8C8 + C8V8) (4.35)
= (O16 + S16)(O
′
16 + S
′
16) ,
where we use the triality V8 ↔ C8 for the characters appearing in last positions in the
monomials. From the above equations, we see that G˜ actually maps both heterotic strings
into themselves.
Rank reduced by 8 units in six dimensions: Let us turn to the case of a background in
six dimensions that is equivalent to a Z42 free orbifold model, and those gauge symmetry has
a rank reduced by 8 units. We will denote the four generators derived from the Wilson-line
approach Gf′1 , Gf′2 , Gf′3 , G˜f4. We want them to act on the Spin(32)/Z2 lattice in order to reduce
the dimension and rank of the gauge symmetry generated by the fermions ψi’s, and also to
operate on T 4 for their global actions to be free. In that case, extra gauge bosons will not
enhance the gauge group back. To be specific, we look for generators whose structures are
of the forms
Gf′10−I = G10−I ⊗
(
free action on T 4
)
, I ∈ {7, 8, 9} ,
G˜f4 = G˜4 ⊗
(
free action on T 4
)
,
(4.36)
where G1, G2, G3 are defined in Sect. 2.3 while G˜4 flips only 8 fermions. The latter act on
the ψi’s by multiplying them with signs listed below,
G1 : + + + + + + + + + + + + + + + +−−−−−−−−−−−−−−−− ,
G2 : + + + + + + + +−−−−−−−−+ + + + + + + +−−−−−−−− ,
G3 : + + + +−−−−+ + + +−−−−+ + + +−−−−+ + + +−−−− ,
G˜4 : + + +−+ + +− + + +−+ + +− + + +−+ + +− + + +−+ + +− .
(4.37)
In the following, our task is to determine the associated free actions on T 4.
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Let us consider the deformations of the Spin(32)/Z2 theory compactified on T 4
y˜I,2u−1 = y˜I,2u = Y˜Iu , I ∈ {7, 8, 9} , u ∈ {1, . . . , 16} ,
y˜6,4u−3 = y˜6,4u−2 = Y˜6,2u−1 = 0 , y˜6,4u−1 = 0 , y˜6,4u = −1
2
, u ∈ {1, . . . , 8} ,
(4.38)
where ~˜Y6,
~˜Y7,
~˜Y8 are identical to
~ˆ
Y6,
~ˆ
Y7,
~ˆ
Y8 defined in Eq. (4.11). Notice that all Y˜I,2u−1,
I ∈ {6, . . . , 9}, u ∈ {1, . . . , 8}, are well defined (i.e. equal to y˜I,4u−3 = y˜I,4u−2), and can
therefore be deformed continuously. They are bona fide vacuum expectation values of Wilson-
line moduli. On the contrary, because y˜6,4u−1 6= y˜6,4u, u ∈ {1, . . . , 8}, these deformations are
not related to massless scalar fields, which implies the rank to be reduced by 8 units. As a
result, all of the y˜I,4u−1, y˜I,4u, I ∈ {6, . . . , 9}, u ∈ {1, . . . , 8}, are actually discrete parameters.
Applying Eq. (4.17) for d = 6 at ~y = ~˜y and redefining as usual
nI = 2(`I + h10−I) , m˜I = 2(k˜I + g10−I) , where h10−I , g10−I ∈
{
0,
1
2
}
, I ∈ {6, . . . , 9} ,
(4.39)
we obtain a result that can be interpreted as a lattice orbifolded by a Z42 group, and for
background torus moduli 4GIJ , 4BIJ ,
1
2
∑
γ,δ
Γ4,20
[
γ
δ
](
G,B, ~˜y
)
=
1
24
∑
h1,...,h4
g1,...,g4
Γ4,4
[
h1, . . . , h4;h
′
1, . . . , h
′
4
g1, . . . , g4; g
′
1, . . . , g
′
4
]
(4G, 4B) ΓSpin(32)/Z2
[
h1, . . . , h4
g1, . . . , g4
]
×Φ[h1, . . . , h4g1, . . . , g4] T [h1, h2, h3g1, g2, g3 ] , (4.40)
where T , Φ, Γ4,4 and h′α, g′α, α ∈ {1, . . . , 4}, are defined as follows:19
• Firstly, we have
T [h1, h2, h3g1, g2, g3 ] = (−1)4
∑
α6=β∈{1,2,3} hαgβ , (4.41)
which is a set of signs corresponding to a discrete torsion. Notice that T involves only
the hα, gβ’s associated with the first three generators, i.e. those which act on 16 fermions
ψi’s. From the orbifold point of view, this torsion term corresponds to one among many
others that are allowed by modular invariance and captured by alternative choices of ±1
2
background values.
• Secondly, there is a phase
Φ
[
h1, . . . , h4
g1, . . . , g4
]
= e−2ipi
∑4
α=1(h4gα+g4hα) , (4.42)
19It is understood that the last column
[
h4
g4
]
labelling the orbifold action on the Spin(32)/Z2 lattice refers
to the definition (4.30).
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which is somehow a generalization of the sign (−1)4h˜g˜ showing up in Eq. (4.29) in the orbifold
case involving only G˜f.
• Finally, we have upgraded the definition (3.3) of the lattice of zero modes of T 10−d,
Γ10−d,10−d
[
h1, . . . , hd;h
′
1, . . . , h
′
d
g1, . . . , gd; g
′
1, . . . , g
′
d
]
(G,B)
=
√
detG
(Im τ)
10−d
2
∑
`d,...,`9
k˜d,...,k˜9
e−2ipi(g
′
10−K`K−h′10−K k˜K)e−
pi
Im τ [k˜I+g10−I+(`I+h10−I)τ](G+B)IJ [k˜J+g10−J+(`J+h10−J )τ¯]
= e−2ipig10−Lh
′
10−L
∑
md,...,m9
`d,...,`9
e−2ipi(g10−KmK+g
′
10−K`K) q¯
1
4
PLI G
−1
IJ P
L
J q
1
4
PRI G
−1
IJ P
R
J , (4.43)
where we denote in the Hamiltonian form
P LI = mI+h
′
10−I+(B+G)IJ (`J+h10−J) , P
R
I = mI+h
′
10−I+(B−G)IJ (`J+h10−J) . (4.44)
In the case at hand, d = 6 and the h′α, g′α are not independent as they are expressed in terms
of the hβ, gβ,
h′1 = h
′
2 = h
′
3 = h4 , h
′
4 = h1 + h2 + h3 ,
g′1 = g
′
2 = g
′
3 = g4 , g
′
4 = g1 + g2 + g3 .
(4.45)
To understand the meaning of the general expression of the lattice (4.43), note that
under a double Poisson summation on the Lagrangian expression, i.e. on both `I and k˜I ,
I ∈ {d, . . . , 9}, the roles of h10−I , g10−I and h′10−I , g′10−I are exchanged. Equivalently, one
can perform a T-duality in the Hamiltonian form, which also exchanges the momenta and
winding numbers. Hence, the lattice (4.43) is the suitable one for describing a simultaneous
shift action on the coordinates XI ≡ XIL+XIR and on the T-dual coordinates X˜I ≡ XIL−XIR,
where XIL, XIR are the left- and right-moving parts of the worldsheet coordinates. When the
h′10−I , g
′
10−I are not identically vanishing, the orbifold action does not admit a geometric
picture and is said (left/right) asymmetric [16]. Even if it is a misnomer, it is also referred
to as a “free” action (even though not geometrical), whose effect is to induce masses in
the twisted sectors. That being said, we are now ready to identify from Eq. (4.45) precise
definitions of the generators Gf′1 , Gf′2 , Gf′3 , G˜f4 in terms of half period shifts of the internal
coordinates or T-dual coordinates,
Gf′10−I = G10−I ⊗
(
XI → XI + pi)⊗ (X˜6 → X˜6 + pi) , I ∈ {7, 8, 9} ,
G˜f4 = G˜4 ⊗
(
X6 → X6 + pi)⊗ (X˜J → X˜J + pi , J ∈ {7, 8, 9}) . (4.46)
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In order to determine the gauge symmetry generated by the fermions ψi for generic
4GIJ , 4BIJ at the orbifold point, it is enough to analyze the untwisted sector at zero mo-
mentum and winding numbers. In that case, we obtain from Eq. (4.40)
1
24
∑
g1,...,g4
Γ4,4
[
0, . . . , 0; 0, . . . , 0
g1, . . . , g4; g
′
1, . . . , g
′
4
]
(4G, 4B)
∣∣∣m6=···=m9=0
`6=···=`9=0
ΓSpin(32)/Z2
[
0, . . . , 0
g1, . . . , g4
]
η16
Φ
[
0, . . . , 0
g1, . . . , g4
] T [ 0, 0, 0g1, g2, g3]
=
1
24
∑
g1,...,g4
ΓSpin(32)/Z2
[
0, . . . , 0
g1, . . . , g4
]
η16
=
1
2
∑
g4
(
O3O1 + V3(−1)2g4V1
)8
+ massive (4.47)
= (O3O1)
8 + massive ,
where we have used Eq. (2.23) and the decomposition formula and transformations rules
of characters listed in the Appendix. Hence, for generic torus moduli, the gauge symmetry
generated by the fermions ψi’s is
(
SO(3)×SO(1))8, which is of reduced rank 8, as anticipated
from the deformations (4.38).
Before concluding, let us mention that the lattice in Eq. (4.40) is exactly that found in
Ref. [5], up to the discrete torsion which was chosen to be trivial in that work, T ≡ 1.7
The derivation presented in Ref. [5] was based from the outset on the orbifold point of view,
and the phase Φ along with the asymmetric orbifold parameters h′α, g′α, α ∈ {1, . . . , 4},
were found on considerations based on modular invariance only. Hence, the precise form
of Φ as well as the action on the T-dual coordinates are mandatory by consistency. The
advantage of the method based on background deformations presented in this section is
that consistency is automatically taken into account by Eq. (4.1) and (4.17). Moreover,
these general expressions can be used to provide the explicit deformations of the lattices
induced by the continuous Wilson-line moduli (see the example of Eq. (4.9)). Finally, notice
that for the Z52 free-orbifold model that leads to the trivial SO(1)32 gauge symmetry, we
have recovered extra gauge bosons in Sect. 3.2 in a twisted sector by turning the action of
one generator into a non-free version. In the present example where the Z42 free-orbifold
action yields
(
SO(3) × SO(1))8, it is however not possible to play the same game for any
generator. Indeed, modular invariance is at the heart of the obstruction, since the action of
all generators must be asymmetric and thus non-trivial on the torus coordinates.
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5 Conclusion
String theory models describing non simply-laced gauge symmetry groups have been much
less studied and used in the literature. The reasons for this are not fundamental. In many
cases, they are instead consequences of simplifying assumptions that restrict the allowed
worldsheet conformal field theories and their associated affine Lie symmetries. For example,
in the maximally supersymmetric case, the moduli space of the heterotic string in d spacetime
dimensions already admits a multitude of distinct components [4], and it turns out that some
of them cannot be described in certain formalisms.
For instance, if one insists on realizing the system of central charge c = 24 of the bosonic
side of the heterotic string in terms of 24 real scalars, one can certainly describe the moduli-
space component (for a given spacetime dimension d ≤ 9) that contains the plain Spin(32)/Z2
and E8 × E8 theories. The gauge symmetry described at arbitrary point of this component
is then of maximal rank. Of course, these conclusions persist if one replaces the description
of some of the 24 bosons by complex fermions in fermionic language. On the contrary, all
components of the moduli space containing models describing gauge group factors SO(2n+1)
cannot be captured in these frameworks. Instead, one is led to consider real fermions with
boundary conditions on the worldsheet that do not allow any pairing into complex fermions.
The relevant two-dimensional conformal blocks are therefore of Ising type, with central
charge c = 1
2
. Note, however, that the existence of non simply-laced gauge symmetry groups
in components of the moduli space takes place only at particular loci. Indeed, these groups
can be broken into products of non-Abelian unitary, SO(2n) and of course Abelian U(1)’s
by exploring the Coulomb branches.
In our work, we have constructed and analyzed in great details two models describing
SO(1)32 and
(
SO(3) × SO(1))8 gauge symmetries, respectively in five and six dimensions.
Together with their descendants obtained by toroidal compactification, they are representa-
tive models of components of the moduli space that exist respectively in dimension d ≤ 5 and
d ≤ 6, but not higher [4,5]. In the former components (existing for d ≤ 5), the gauge-group
ranks are reduced by 16 units, while in the second series of components (existing for d ≤ 6),
the ranks are reduced by 8 units.
Even though these series of components are somehow associated with distinct theories,
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we have seen that the lattices Γ10−d,26−d of their respective models can be described in a
unified way. This approach is based on the fact that the transformation rules of the lattices
under the modular group must be independent of their deformations. This very fact must
hold whether the deformations are continuous Wilson lines parametrizing a given component
of the moduli space, or discrete quantities responsible for the switch from one component
to the other. The lattices constructed this way can also be described from a free-orbifold
point of view, where the actions of the generators on the gauge degrees of freedom as well
as on the internal torus can be identified unambiguously. These actions can be symmetric
or asymmetric on the internal space, and with or without discrete torsion.
Finally, we stress that continuous and discrete deformations in the heterotic framework
have counterparts in dual orientifold descriptions in terms of dynamical and rigid D-brane
positions. Both points of view can be useful to analyze the fate of the stability at the
quantum level of these models in presence of an extra implementation of supersymmetry
breaking [5, 24–26].
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Appendix
In this Appendix, we first review the definitions and q-expansions of the affine characters of
SO(n). We verify that the low lying modes of the characters are in one-to-one correspondence
with the weights of the lowest dimensional representations in each conjugacy class. Then, we
list formulas satisfied by these characters and that are useful for implementing Z2-orbifold
actions.
The affine characters O2n, V2n, S2n, C2n of SO(2n) [1, 2, 15] and O2n+1, V2n+1, S2n+1 of
SO(2n+1) [3] can be expressed in terms of Jacobi theta functions ϑ
[
γ
δ
]
(0|τ) with half-integer
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characteristics γ, δ and Dedekind functions η(τ) as follows,
On =
1
2 η
n
2
(
ϑ
[
0
0
]n
2
+ ϑ
[
0
1/2
]n
2
)
=
1
q
n
48
[
1 +
n(n− 1)
2
q +O(q2)
]
,
Vn =
1
2 η
n
2
(
ϑ
[
0
0
]n
2 − ϑ
[
0
1/2
]n
2
)
=
1
q
n
48
n q
1
2
(
1 +O(q)) ,
S2n =
1
2 ηn
(
ϑ
[
1/2
0
]n
+ i−n ϑ
[
1/2
1/2
]n)
=
1
q
2n
48
2n q
n
8
(
1 +O(q)) ,
C2n =
1
2 ηn
(
ϑ
[
1/2
0
]n − i−n ϑ[1/21/2
]n)
=
1
q
2n
48
2n q
n
8
(
1 +O(q)) ,
S2n+1 =
1√
2 ηn+
1
2
ϑ
[
1/2
0
] 2n+1
2
=
1
q
2n+1
48
2n q
n+12
8
(
1 +O(q)) ,
(A.1)
where our notations and conventions for the modular forms are those of Ref. [30,31].20
Characters On: O2n is the character that captures the weights of the singlet and adjoint
representations of SO(2n). From the definition of the Jacobi modular forms, we have
O2n =
1
2 q
n
24
(∏
k≥1
(1 + qk−
1
2 )2n +
∏
k≥1
(1− qk− 12 )2n
)
(A.2)
=
1
2 q
n
24
([
(1 + q
1
2
(+1)2)(1 + q
1
2
(−1)2)
]n
+
[
(1− q 12 (+1)2)(1− q 12 (−1)2)
]n
+O(q2)
)
.
In the big parentheses, only even powers of q
1
2 survive. The terms at order q arise by
multiplying pairs of q
1
2
2u , where u = ±1, u ∈ {1, ..., n}. This pairing can be done by
combining an u with −u, or by combining u with v for u < v. Hence, we obtain
O2n =
1
q
n
24
(
1 + nq +
∑
1,2=±1
q
1
2
[21+
2
2+0
n−2] + permut. 1, 2→ u < v ∈ {1, . . . , n}+O(q2)
)
,
(A.3)
where 0k stands for a sum of k consecutive 0’s. In this form, the leading term q0 is associated
with the singlet representation of SO(2n), while at order q there are contributions associated
with the Cartan subalgebra and the roots of the adjoint representation of SO(2n). Indeed,
we recognize in the brackets the roots squared equal to 2 of SO(2n).
20The dictionary with the conventions of Ref. [23] is given by ϑ
[
γ
δ
]
(ν|τ) = θ[2γ2δ](−ν|τ) = θ[−2γ−2δ](ν|τ).
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For the character O2n+1 of SO(2n+ 1), we have similarly
O2n+1 =
1
2 q
n+12
24
(∏
k≥1
(1 + qk−
1
2 )2n+1 +
∏
k≥1
(1− qk− 12 )2n+1
)
=
1
2 q
n+12
24
([
(1 + q
1
2
(+1)2)(1 + q
1
2
(−1)2)
]n
(1 + q
1
2 )
+
[
(1− q 12 (+1)2)(1− q 12 (−1)2)
]n
(1− q 12 ) +O(q2)
)
.
(A.4)
The contributions at order q contain those associated with the subgroup SO(2n), as well as
those obtained by pairing the extra q
1
2 with all q
1
2
2u ’s. In total, we have
O2n+1 =
1
q
n+12
24
(
1 + nq +
∑
1,2=±1
q
1
2
[21+
2
2+0
n−2] + permut. 1, 2→ u < v ∈ {1, . . . , n} (A.5)
+
∑
1=±1
q[(1)
2+0n−1] + permut. 1→ u ∈ {1, . . . , n}+O(q2)
)
,
where the brackets are again interpreted as the roots squared of SO(2n + 1) [32]. Notice
that because SO(2n + 1) is not simply laced, the roots not present for SO(2n) have norms
squared equal to 1 rather than 2. Thus, there are no normalization factors 1
2
for them in the
exponents of q.
Characters Vn: The expansion of the character V2n of SO(2n) is given by
V2n =
1
2 q
n
24
(∏
k≥1
(1 + qk−
1
2 )2n −
∏
k≥1
(1− qk− 12 )2n
)
(A.6)
=
1
2 q
n
24
([
(1 + q
1
2
(+1)2)(1 + q
1
2
(−1)2)
]n
−
[
(1− q 12 (+1)2)(1− q 12 (−1)2)
]n
+O(q 32 )) ,
where only odd powers of q
1
2 survive in the big parentheses. To make the link with the
weights squared of the vectorial representation, the above expression can we rewritten as
V2n =
1
q
n
24
( ∑
1=±1
q
1
2
[21+0
n−1] + permut. 1→ u ∈ {1, . . . , n}
)(
1 +O(q)) . (A.7)
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For SO(2n+ 1) we have in an analogous way
V2n+1 =
1
2 q
n+12
24
(∏
k≥1
(1 + qk−
1
2 )2n+1 −
∏
k≥1
(1− qk− 12 )2n+1
)
=
1
2 q
n+12
24
([
(1 + q
1
2
(+1)2)(1 + q
1
2
(−1)2)
]n
(1 + q
1
2 )
−
[
(1− q 12 (+1)2)(1− q 12 (−1)2)
]n
(1− q 12 ) +O(q 32 ))
=
1
q
n+12
24
( ∑
1=±1
q
1
2
[21+0
n−1] + permut. 1→ u ∈ {1, . . . , n}+ q 12
)(
1 +O(q)) .
(A.8)
At leading order in q, we recognize the weights squared of the vectorial representation of
the subgroup SO(2n) along with an extra one to complete the vectorial representation of
SO(2n+1). This extra weight is a zero-weight in the same sense that the Cartan subalgebra
corresponds to zero-weights of the adjoint representation. In representation theory, it comes
from subtracting the extra positive root (1, 0n−1) of SO(2n+1) (i.e. not present for SO(2n))
to the highest weight (1, 0n−1) of the vectorial representation.
Characters S2n, C2n and S2n+1: SO(2n) admits spinorial and “antispinorial” conjugacy
classes and the sum of their respective characters S2n and C2n reads
S2n + C2n =
(2 q
1
8 )n
q
n
24
∏
k≥1
(1 + qk)2n
=
1
q
n
24
(
q
1
2
(+ 1
2
)2 + q
1
2
(− 1
2
)2
)n(
1 +O(q))
=
1
q
n
24
( ∑
1,...,n=±1
q
1
2 [(
1
2
)2+···+( n
2
)2]
)(
1 +O(q)) .
(A.9)
In the last line, we recognize in brackets the weights squared of the two associated spinorial
representations of dimensions 2n/2. They have opposite chiralities [23] and correspond to
imposing
∏n
u=1 u = 1 and
∏n
u=1 u = −1, respectively.
For SO(2n+ 1), the expansion of the character of the unique spinorial conjugacy class is
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S2n+1 =
(2 q
1
8 )n+
1
2
√
2 q
n+12
24
∏
k≥1
(1 + qk)2n+1
=
q
1
16
q
n
24
(
q
1
2
(+ 1
2
)2 + q
1
2
(− 1
2
)2
)n(
1 +O(q))
=
q
1
16
q
n+12
24
( ∑
1,...,n=±1
q
1
2 [(
1
2
)2+···+( n
2
)2]
)(
1 +O(q)) .
(A.10)
At leading order, it contains the contributions associated with the 2n weights of the spinorial
representation. The latter cannot be split into spinorial and antispinorial irreducible repre-
sentations because of the extra positive root (1, 0n−1) of SO(2n+1) (as compared to SO(2n)).
Indeed, when subtracted to the highest weight (1
2
, ..., 1
2
) of the spinorial representation, the
number of +1
2
becomes odd.
Character decomposition: Because SO(n) ⊃ SO(n − p) × SO(p), the representations
of SO(n) can be expressed as direct sums of tensor products of representations of SO(n−p)
and SO(p). This translates into relations between the characters, which can be derived from
the definitions (A.1):
On = On−pOp + Vn−pVp ,
Vn = On−pVp + Vn−pOp ,
S2n = S2n−2pS2p + C2n−2pC2p
= S2n−2p−1S2p+1 + ∆2n−2p−1∆2p+1 ,
C2n = S2n−2pC2p + C2n−2pS2p
= S2n−2p−1S2p+1 −∆2n−2p−1∆2p+1 ,
S2n+1 =
(
S2n−2p + C2n−2p
)
S2p+1
= S2n+1−2p
(
S2p + C2p
)
,
∆2n+1 =
(
S2n−2p − C2n−2p
)
∆2p+1
= ∆2n+1−2p
(
S2p − C2p
)
.
(A.11)
In the above identities, we have included vanishing contributions
∆2n+1 =
1√
2 η
2n+1
2
ϑ
[
1/2
1/2
] 2n+1
2 = 0 , (A.12)
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which have no meaning from the point of view of representation theory and can be omitted,
except in the course of a derivation of twisted-sector spectra obtained by flipping boundary
conditions along the cycle [0, 1] of the genus-one worldsheet (see Sect. 3.2).
Projection onto Z2-invariant weights: The implementation of a Z2-orbifold action gen-
erated by G on a weight lattice requires a projection on G-invariant weights. To this end,
one must derive how the characters transform as the generator G is inserted in the trace
tr qL0−1 → tr (GqL0−1). Alternatively, one can flip the boundary conditions along the cycle
[0, τ ] of the fermions ψi, i ∈ {1, . . . , 2n}, which amounts to shifting the characteristics of the
Jacobi modular forms as follows,
[
γ
δ
]→ [ γδ + 1
2
]
. The transformation rules are then
(On, Vn) −→ (On,−Vn) ,
(S2n, C2n) −→ in(S2n,−C2n) ,
(S2n+1,∆2n+1) −→ in+ 12 (∆2n+1, S2n+1) .
(A.13)
Notice that applied twice, they give the initial characters back up to phases because ϑ
[
γ
δ + 1
2
+ 1
2
]
=
e2ipiγϑ
[
γ
δ
]
.
Z2-twisted sector: The implementation of a Z2-orbifold action on a lattice also implies the
existence of a twisted sector. The latter is obtained from the untwisted sector by changing
the boundary conditions of the ψi, i ∈ {1, . . . , 2n}, along the string i.e. the worldsheet cycle
[0, 1]. The characteristics of the Jacobi modular forms are therefore modified as
[
γ
δ
]→ [γ + 12
δ
]
.
In terms of characters, this corresponds to changing
(O2n, V2n) −→
(
1 + in
2
S2n +
1− in
2
C2n ,
1− in
2
S2n +
1 + in
2
C2n
)
,
(S2n, C2n) −→
(
1 + i−n
2
O2n +
1− i−n
2
V2n ,
1− i−n
2
O2n +
1 + i−n
2
V2n
)
,
(O2n+1, V2n+1) −→
(
S2n+1 + i
n+ 1
2 ∆2n+1√
2
,
S2n+1 − in+ 12 ∆2n+1√
2
)
,
(S2n+1,∆2n+1) −→
(
O2n+1 + V2n+1√
2
, i−n−
1
2
O2n+1 − V2n+1√
2
)
.
(A.14)
Notice that applying twice these transformations gives the initial characters back because
ϑ
[
γ + 1
2
+ 1
2
δ
]
= ϑ
[
γ
δ
]
.
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